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Abstract. In this paper, we develop a general existence theory for properly 
embedded minimal surfaces with free boundary in any compact Riemannian 
3-manifold Af with boundary dM. The main feature of our result is that no 
convexity assumption is required on dM. Our proof uses a variant of the min- 
max construction first considered by Almgren and Pitts. Recently, Colding-De 
Lellis gave a simplified proof of the interior regularity and here, we prove the 
boundary regularity of the limiting embedded minimal surfaces at their free 
boundaries. In addition, we define a topological invariant, the filling genus, for 
compact 3-manifolds with boundary and show that we can bound the genus 
of the minimal surface constructed above in terms of the filling genus of the 
ambient manifold M. 



1. Background and Motivation 

In this paper, we study a general existence problem for embedded minimal sur- 
faces with free boundary. All manifolds (with or without boundary) are assumed 
to be smooth up to the boundary unless otherwise stated. 

Question 1. Given a compact Riemannian three-manifold {M^,g) with boundary 
dM, does there exist a properly embedded minimal surface E C M with boundary 
dH C dAI such that S meets dAI orthogonally along 9S? 

Here, a surface E C M (with or without boundary) is said to be properly embed- 
ded if the inclusion map i : I] — >■ Af is an embedding (i.e. a one-to-one immersion) 
and E n dM — 9E. Note that if 9E = 0, this is equivalent to saying that E is 
contained in the interior of M since E n dM = 0. 

The orthogonality condition along the boundary 9E is a natural condition arising 
variationally. Let E C Af be a properly embedded surface with boundary 9E C 9Af . 
Suppose we have a smooth family of properly embedded surfaces {J2t}t£{-(i,e) in M 
for some e > with Eq = E. If we look at how the area Area(Et) of this family 
changes with respect to i at t = 0, a standard computation (see [3S] and [33]) gives 
the first variation formula 

^ Area(Et) = - [ {H,X) da+ [ {X, v)ds, 

where v is the outer conormal vector of 9E in E (i.e. the outward unit normal 
of 9E tangent to E), H is the mean curvature vector of E in Af (with the sign 
convention that H points inward for the unit sphere in M.^) and X is the variation 
field associated with the smooth family {Ej} (i.e. let F — Ft{x) ~ F{t, x) : (— e, e) x 
E — Af be the smooth map such that f^t(E) = Ej, then the variation field X along 
E is given by X{x) = ^\^_^Ft{x)). Note that since SE^ C dM for ah t, the 
variation field X is tangential to dM along 9E. From (1.1), it is clear that E is a 
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critical point to the variational problem if and only if E is minimal (i.e. H = 0) 
and S meets dM orthogonally along dT, (i.e. v _L dM). In this case, we also say 
that S is a free boundary solution. 

The study of free boundary problem for minimal surfaces was initiated by R. 
Courant in 6 and H. Lewy in [21j . In the 1970's, the boundary behavior of a mini- 
mal surface on its free boundary was extensively studied by several mathematicians 
including S. Hildebrandt, W. Jager, J. C. C. Nitsche, K. H. Goldhorn, J. E. Taylor, 
W. Meeks, S.T. Yau and R.Ye (see [Il][Tn][TS][n][5S][17]IlH]I5Sl [H])- They ap- 
proached the problem by applying the direct method in the calculus of variations to 
the Dirichlet energy functional, and established the existence of minimizers with 
boundary lying on a given supporting surface. Boundary regularity results were 
obtained in a variety of settings. Interested readers are encouraged to consult the 
recent treatise ([5] on boundary value problems of minimal surfaces. 

However, this approach is inadequate to answer Question 1 set out in the be- 
ginning of this paper due to several reasons. First of all, these existence theorems 
could only produce minimizers, they do not yield the existence of stationary mini- 
mal surfaces which are not area minimizing. As certain kinds of supporting surfaces 
are not able to hold non-trivial minimizers, their method is restricted by serious 
topological limitations. For example, it docs not furnish the existence of non-trivial 
stationary minimal surfaces within the region bounded by a closed convex surface 
in 

Because of this, there is a need to construct unstable critical points. Along this 
direction, M. Struwe [35] and A. Fraser [TU] applied the celebrated perturbed a- 
energy method by Sacks-Uhlenbeck |32| to the free boundary problem for minimal 
disks, and they were able to produce non-trivial free boundary solutions with con- 
trolled Morse index using Ljusternik-Schnirelman theory. A direct consequence of 
the existence result (Theorem 1 in [10") is that if M is a smooth compact domain 
of a complete, homogeneously regular Riemannian three-manifold A/, and the rel- 
ative homotopy group TTk{M,dM) ^ for some k > 2, then either there exists a 
non-constant minimal disk D in M meeting dM orthogonally along dD of index 
at most fc — 2, or there exists a non-constant minimal two-sphere in M of index at 
most k — 2. 

However, there are two major drawbacks in this approach to Question 1. One 
is that the minimal disk or sphere may not be embedded (in fact it is not even 
necessarily immersed). More importantly, the free boundary solution may not be 
contained in the compact region M. The construction does not prevent the minimal 
surface from penetrating dM in an unphysical way, and it is impossible to make 
it contained in M without imposing curvature restrictions on dM (see [H] [25] 
[26'). This approach does not work in general because one cannot expect M to 
contain a disk-type free boundary solution at all. For example, the annular region 
M = \ Bi C M'^, where Br denotes the ball of radius r > centered at origin, 
does not contain any properly embedded minimal disk D with free boundary. If 
such a minimal disk D were to exist, the boundary circle dD either lies completely 
in dB2 or in dBi. The latter case is impossible by the convex hull property (see 
Proposition 1.9 in [S]). Therefore, dD C 9i?2j hence we can think of as a free 
boundary solution to the ball B2- A uniqueness theorem of J. Nitsche [29 implies 
that D must be a totally geodesic equatorial disk, which has non-empty intersection 
with the unit ball Bi, contradicting D C B2\Bi. On the other hand, the restriction 
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of the equatorial disk to B2 \ Bi gives an example of a free boundary solution which 
is topologically an annulus (genus zero with two boundary components). 

There is a completely different approach, using geometric measure theory, which 
has been very successful in constructing embedded minimal surfaces. By minimizing 
among all embedded disks with prescribed boundary, F. Almgren and L. Simon [2] 
showed that any extremal curve T in M'^, i.e. T is contained in the boundary of a 
strictly convex domain A, bounds an embedded minimal disk contained in A. Based 
on Almgren-Simon's paper, W. Meeks, L. Simon and S.T. Yau 24 proved, under 
suitable hypothesis, the existence of an embedded minimal surface which minimize 
area in the isotopy class of an embedded surface in a closed 3-manifold. This result 
had profound applications in 3-manifold topology. 

In a remarkable work of F. Almgren 20J and J. Pitts a minimax argu- 
ment was used to prove that any closed Riemannian 3-manifold contains a smooth, 
embedded, closed minimal surface. The interior regularity relies heavily on the 
Schoen-Simon-Yau's curvature estimates for stable minimal surfaces [53) . Using a 
clever curve lifting argument, L. Simon and F. Smith 37.^ were able to control the 
topology of the minimal surface, and as a corollary, they proved that there exists 
an embedded minimal two-sphere in the three-sphere with arbitrary Riemannian 
metric. 

Adapting these ideas to the free boundary case, M. Griiter and J. Jost [13] 
proved the existence of an embedded minimal disk as a free boundary solution in 
any bounded, strictly convex domain in M'^. In another paper [19j . J. Jost claimed 
similar results hold under weaker or no convexity assumptions on the boundary. 
Unfortunately, the author was unable to verify some of the arguments in the paper. 
On the other hand, a partially free boundary problem was also studied by J. Jost in 
|18) . All of these results depend on some curvature assumptions on the boundary 
of ambient manifold. 

In this paper, we settle Question 1 in complete generality, without any curvature 
assumptions. 

Theorem 1.1. For any compact Riemannian three-manifold {M^, g) with boundary 
dM , at least one of the following holds: 

(i) there exists a properly embedded minimal surface E C Af with boundary 
dT, C dM such that S meets dM orthogonally along dYi; or 

(ii) there is a closed, embedded minimal surface S contained in the interior of 
M. 

Our proof of Theorem 1.1 is a minimax construction similar to the one by F. 
Almgren [2D] and J. Pitts [SO]- Recently, T. Colding and C. De Lellis [1] wrote a 
detailed account of the minimax construction and they were able to simplify some 
of the arguments significantly. In section 2, we will describe an example which 
illustrates why Colding-De Lellis's proof does not generalize directly to the free 
boundary case. This example also serves as a model case which motivates much of 
our arguments in this paper. 

We will present the proof of Theorem 1.1 in sections 3-8. In section 3, we give 
some definitions and preliminary results used in this paper. Also, we define two 
important concepts: freely stationary and outward almost minimizing property, 
which will play important roles in the proof of Theorem 1.1. In section 4, we 
describe the min-max construction and give an outline of the proof. In section 5 and 
6, we establish the existence of varifolds which are both freely stationary and outer 
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almost minimizing. In section 7, we study a minimization problem with partially 
free boundary, which is then used in section 8 to prove the boundary regularity of 
freely stationary varifolds satisfying the outer almost minimizing property. This 
completes the proof of Theorem 1.1. 

In a recent paper [7], C. De Lellis and F. Pellandini obtained a genus bound 
for minimal surfaces constructed by the minimax method in [4 . (Their bound is 
slightly weaker than the one conjectured by J. Pitts and H. Rubinstein [3TJ.) In 
this paper, we use their result to control the topology of the free boundary solution 
constructed in Theorem 1.1. 

Theorem 1.2. Let {M'^,g) he a Riemannian 3-manifold with boundary. Suppose 
the filling genus (see Definition 9.1) of M is equal to h. Then, the minimal surface 
Yi in Theorem 1.1 can he chosen such that 

(i) if E is orientahle, then genus{T,) < h; 

(ii) ifTi is non- orientahle, then genus{'S) < 2h + l. 

If we specialize to compact domains in M.^, the following corollary is a direct 
consequence of Theorem 1.2. 

Corollary 1.3. For any compact domain M C M^, there exists a properly embed- 
ded minimal surface S C A/ with non-empty free boundary dT, C dM such that 
either 

(i) S is orientahle with genus zero (i.e. a disk with holes); or 

(ii) S is a non-orientable surface with genus one (i.e. a Mobius strip with holes). 
In case M is diffeomorphic to the unit 3-ball, case (ii) does not happen and S must 
be orientahle. 

Acknowledgement. The results in this paper form part of the author's Doctoral 
Dissertation [22] at Stanford University. The author would like to express his sincere 
gratitude to his advisor Professor Richard Schoen for suggesting this interesting 
problem and providing lots of useful advice and support throughout the progress 
of this work. The author would also like to thank Professor Brian White for many 
helpful comments and discussions. The author is indebted to Professor Leon Simon, 
from whom he learned a lot of geometric measure theory used in this paper. 

2. An example 

In this section, we discuss the main difficulties in the proof of Theorem 1.1. We 
also give an example which illustrates the need for some technical arguments in this 
paper to tackle these difficulties. 

Our proof of Theorem 1.1 is a modified version of the minimax construction 
described in [1]. Let us first briefly recall the minimax construction for closed 
(i.e. compact without boundary) manifolds. Consider the standard 3-sphere S"^ 
(with the round metric, for example), and a continuous sweepout F — {St}jg[o^i] 
by 2-spheres starting and ending at a point. Our goal is to minimize the area of 
the maximal slice by deforming the sweepout using ambient isotopies (which could 
depend continuously on t). Suppose a minimizing sweepout exists, then we expect 
a maximal slice in this sweepout to be a minimal surface (see Fig. 2 in [3]). In 
practice, the minimum may not be achieved by any sweepout. Therefore, we have 
to take a minimizing sequence {!]"}„ of sweepouts, and a min-max sequence of 
surfaces {S"^}„ which, after passing to a subsequence, converges in some weak 
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sense (as varifolds) to an embedded minimal sm'face (possibly with multiplicity). 
There are two important points in this construction. First, we need to ensure that 
almost maximal slices are almost stationary (see Fig. 4 in 4J). This can be achieved 
by a "tightening" process (section 4 of 4 ). Second, we want to choose our min-max 
sequence carefully so that it satisfies the almost minimizing property which enables 
us to prove regularity for the limit surface (section 5-7 of [4l). 

A natural attempt to generalize the above method to the free boundary problem 
is to sweep out the compact manifold M by surfaces with boundary lying on dM, 
and we use isotopies which preserve M (but not necessarily equal to identity on dM) 
to deform our sweepouts. Then, we carry out the same minimax construction as 
before and hope that a min-max sequence would converge to an embedded minimal 
surface with free boundary on dM. In fact, the limit would be stationary with 
respect to isotopies preserving M. Unfortunately, this is not sufficient to conclude 
that it is a smooth free boundary solution. The main difficulty is that it may not be 
properly embedded if we do not have any convexity assumptions on the boundary 
dM. Unlike in many constructions of minimal surfaces, we do not have barriers 
to prevent the interior of our minimal surface from touching the boundary. Let us 
illustrate this point by the following example. 

Let Br{a) C M.^ be the closed Euclidean 3-ball of radius r centered at a. Suppose 
M = Bi (0,0,0) \ Si (0,0, 1). Consider the equatorial disk E = Af n {^3 = 0}, it 
is minimal and has free boundary on the outer boundary. However, this is not a 
legitimate free boundary solution because it is not properly embedded. The origin, 
which lies in the interior of the equatorial disk, is a point on the inner boundary of 
M. This happens since the inner boundary is not mean convex with respect to the 
inner unit normal (with respect to M). Nevertheless, the equatorial disk is a critical 
point of the area functional with respect to all variations preserving M. Not only 
is it stationary, but it is also e-almost minimizing (see Definition 3.2 in [T) on any 
sufficiently small ball for all e > with respect to these variations. This example 
shows that a smooth minimal surface which is stationary and almost minimizing 
with respect to the isotopies preserving M may fail to be properly embedded, hence 
needs not be a free boundary solution (Figure 1). In the next section, we will discuss 
how to get around this problem. 

3. Definitions and preliminaries 

Let {M^,g) be a compact Riemannian 3-manifold with non-empty boundary 
dM ^ (j). Suppose M is connected (but dM is not necessary connected, i.e. M 
could have multiple boundary components). Without loss of generality, we assume 
that M is isometrically embedded as a compact subset of a closed Riemannian 3- 
nianifold M^ . (Note that such an isometric embedding always exists. For example, 
we can smoothly extend M with the metric across the boundary dM to get a collar 
neighborhood which can be made cylindrical near the boundary by a cutoff function, 
then take another copy of this collar neighborhood and glue the two together along 
the cylindrical necks.) All surfaces, with or without boundary, will be smoothly 
embedded in AI unless otherwise stated. We will use int(A/) = M \ dM to denote 
the interior of M . 

3.1. Isotopies and vector fields. We now describe the class of ambient isotopies 
in M used in deforming our surfaces. An isotopy on M is a 1-parameter smooth 
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Figure 1 . An example of a smooth minimal surface which is sta- 
tionary and almost minimizing with respect to isotopies preserving 
M, but not properly embedded. 

family of diffeomorphisms of M, say {i^s}sg[o,i], parametrized by the interval [0, 1], 
where ipo is the identity map of M. (The smoothness assumption here means that 
the map <f{s,x) — ips{x) : [0, 1] x M — > M is smooth.) Let 3s denote the space of 
all isotopies on M . Moreover, we say that an isotopy G 3s is supported in an 
open set U C M if Lps{x) = x for every s £ [0, 1] and a; G Af \ U . Define 

3Sout {Ws} e 3s : M C ips{M) for ah s e [0, 1]} 

to be the isotopies in M which can move points out of the compact set M C M , 
but not into M, and 3Sont{U) to be those in 3Sout which are supported in some 
open set U C M. Furthermore, we are also interested in the situations where the 
compact set M is preserved by the isotopy, Similarly, we define 

3stan = {Ws} e 3s : M = <^,(Af) for all s e [0, 1]}. 

to be the isotopies preserving the compact set M, and 3stan(C^) to be those in 3stan 
supported in some open set U C M. Notice that 3stan{U) C 3Sout{U) for any open 
set U CM. 

One way to generate isotopies is to consider the flow of a vector field. Let x be 
the vector space of smooth vector fields on M. We will define two subspaces Xout 
and Xtan of x which correspond to the two classes of isotopies defined above. To 
be precise, we let 

Xout = {X G X ■ ^{^) ■ ^(2;) > for every x £ dM} 

where v is the unit outward normal of dM and 

Xtan ^{Xex- X{x) £ T,dM for every x £ dM}. 

Notice again that xtan C Xout- Each X £ x generates a unique isotopy {</'s}se[o,i] 
on M by its flow (since M is closed, the flow exists for all time). Clearly, \i X £ Xout, 
then {(fis} e 3Sout; if ^ e Xtan, then {ips} e 3stan- 

3.2. Varifolds and restrictions. Varifolds are fundamental in any min-max con- 
struction, compared to other generalized surfaces like currents, because they do not 
allow for cancellation of mass (see p. 24 in [30] )■ We will discuss some less standard 
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facts about varifolds. For more comprehensive treatment, one can refer to [T] [4] 

Let V(M) denote the space of 2-varifolds on M endowed with the weak topology 
(see and V(M) C V{M) be the subspace of 2-varifolds supported in M. There 
is a restriction map 

(•)LAf: V{M) ^ V{M) C V{M) 

defined by Vlm{B) = V{B n G(M)) for any B C G(M), where G(M) and G(M) 
denote the 2-Grassmannian over M and M respectively. Since M is compact, 
by 2.6.2 (c) in [T], the restriction map is only upper semi-continuous in the weak 
topology in the following sense: if Vi is a sequence in V(M) converging weakly to 
V, then limsup,^^ 11^*1] (M) < ||F||(M). The following lemma shows that if we 
have equahty liuii^ao II^IK-^) = II^IK-^^); then Vi\-n[ converges weakly to V\-M. 

Lemma 3.1. Let V G V{M). Suppose Vi G V(M) is a sequence of varifolds 
converging weakly to V as i ^ oo. If the masses |jVi||(M) converges to ||y||(Af) as 
i — ^ oo, then the restricted varifolds Vi\-M converges weakly to V\-m as i ^ oo. 

The proof of Lemma 3.1 is rather elementary and will be given in Appendix A 
for the sake of completeness. 

3.3. Freely stationary varifolds. Let V E V(M). If we take a vector field X e 
Xtan and let {(^s}se(-e,e) be the flow generated by X, then || ((y9s)uV^|| {M) is a smooth 
function in s since (ps{M) = M for all s. Differentiating with respect to s at s = 0, 
the same calculation as that in the standard first variation formula (see |36j for 
example) shows that 

d f 

II iips)iV\\ (M) = / divs X{x) dVix, S) 

s=0 J{x,S)eG{M) 



(3.1) SAiViX) , 
as 



Notice that we are only integrating over G{M) instead of G{M) on the right hand 
side of (3.1) since we are only counting area in M. 

Definition 3.2. A varifold V £ V(M) is said to be freely stationary in an open 
set [/ C M if and only if SmV{X) = for all vector fields X € Xtan supported in 
U. li U = M , wc simply say that V is freely stationary. 

We denote the set of varifolds which are freely stationary in U by Voo,u C V(M) 
and the set of freely stationary varifolds by Voo. 

Remark 3.3. It is obvious that SmV{X) — SmV\-m{X) for any V £ V(M) and 
X G 

Xtan- Therefore, ii V £ V{M) is freely stationary in U, then so is V\-m and 
vice versa. So, we often assume that freely stationary varifolds are supported in 
M. 

Using the compactness of mass bounded varifolds in the weak topology and (3.1), 
it is immediate that the set of mass bounded freely stationary varifolds supported 
in M is compact in the weak topology. 

Lemma 3.4. For any open set U C M , and any constant G > 0, the set 

V£,c/(M) = {V£ Vo.,u{M) : ||^||(Af) < G} 
is compact in the weak topology. 
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Proof. Let Vi be a sequence of varifolds in ui^^)- Since Vi are supported in 
M, ||V^i||(A/) = ||Vi||(M) which are uniformly bounded by C, a subsequence of Vi 
(after relabeUng) converges weakly to V by compactness of mass bounded varifolds. 
Since V(M) is closed, V is also supported in M, i.e. V G V(M). Therefore, 
||y||(M) ^ \\V\\{M) = limllFilKM) = lim||yi||(M) < C. It remains to show that 
V is freely stationary in f/, but this follows directly from the first variation formula 
(3.1) and the fact that Vi and V are supported in M. □ 

In this paper, we will use some useful results in jl45, where the monotonicity 
formula and the AUard regularity for freely stationary varifolds are proven. Their 
proof was given only for rectifiable varifolds in M.^ but they can be easily generalized 
to general varifolds in Riemannian manifolds. When is a freely stationary varifold 
in M, there exists a constant R > (depending only on the geometry of M and 
dM), and a function C(r) > 1 such that for any x € dM and 0<a<p<r<R, 



Note that C{r) goes to 1 as r — >■ 0, so the density 6{x, V) of the freely stationary 
varifold V at x G dM is well-defined. 

In [13], the curvature estimates for stable minimal surfaces of Schoen [33] were 
generalized to the free boundary case. This gives a compactness theorem for stable 
minimal surfaces with free boundary. 

Lemma 3.5 (Griiter-Jost Let U C M he an open set. Suppose {S"} is a 

sequence of properly embedded stable minimal surfaces in UD M with free boundary 
on U D dM , and their areas are uniformly bounded. Then, for any compact subset 
K <Z<Z U , there is a subsequence ofT."' converging smoothly to a properly embedded 
.stable minimal surface in K H M with free boundary lying on K D dM . 

3.4. Outer almost minimizing property. In general, a stationary varifold may 
possess singularity and hence is not a smooth minimal surface. Even if it is smooth, 
the example in section 2 shows that an embedded smooth minimal surface which is 
freely stationary may fail to be properly embedded. In order to get regularity and 
properness, we require a stronger condition, the outer almost minimizing property. 
Roughly speaking, a surface is outer almost minimizing means that if you want to 
decrease its area in M through an outward isotopy, its area in M must become 
large at some time during the deformation. The precise definition is given below. 

Definition 3.6. Given e > and an open set U C M, a varifold V E V{M) is e- 
outer almost minimizing in U if and only if there does not exist isotopy {'y3s}sG[o,i] G 
3Sout(C^) such that 



each V" is e„-outer almost minimizing in U for some sequence e„ l 0. Moreover, if 
V"' converges weakly to some V in U, then we say that V is outer almost minimizing 
in U. 



(3.2) 



||l/||(Mni?.(a;)) 



<C(r) 



\\V\\{MnBp{x)) 




Remark 3.7. The definition is almost the same as the one used in i4j except that 
we are considering the area in M and outward isotopies only. 
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It is not hard to sec that any outer almost minimizing varifold is freely stationary. 

Proposition 3.8. If V is outer almost minimizing in U, then V is freely stationary 
in U. 

Proof. Since V is outer almost minimizing in U, there exists a sequence {V^"}, which 

is outer almost minimizing in U, converging weakly to V in M. By definition, there 
exists a sequence e„ 4- for which V" is e„-outer almost minimizing in U. We will 
prove the proposition by contradiction. 

Suppose, in contrary, that V is not freely stationary in U. Then there is a vector 
field X G 

Xtan supported in U such that 

SmV{X) < -c < 

for some real constant c > 0. Let {(^sjseM be the flow generated by X. Suppose 
Vs and VJ^ are the pushforward of the varifolds V and F", respectively, by the 
diffeomorphism (ps- Since X e Xtan, (3.1) implies that 6mVs{X) is a continuous 
function in s (for X fixed). Therefore, we have 

(3.3) SmVs{X)<-^<0 

for all s e [0, So] for some sq > 0. We claim that for all sufficiently large n, it holds 
true that 

(3.4) SmV:{X)<-^<0 
for all s e [0, So]- 

Let us assume (3.4) for the moment, integrating s over [0, sq] gives 

(3.5) ||yn||(M)<||y"||(M)-- 

for all s e [0, So] . Since V" is e„-outer almost minimizing in U, this implies 

(3.6) ||K^||(M)>||y"||(M)-e„ 

for all n sufficiently large. Combining (3.5) and (3.6), we have e„ > ^ > for n 
sufficiently large. This is a contradiction since i 0. 

It remains to verify (3.4). Let /„(s) = SmVP{X) and /(s) = SmVs{X). From 
the definition of pushforward of varifolds and (3.1), {/„}„eN is an equicontinuous 
family of functions on [0,So]- Furthermore, 

(3.7) limsup/„(s)</(s) 

n— >cx) 

for all s e [0, So]. Our goal is to prove that for any e > 0, fn{s) < /(s) + e for all 
n sufficiently large and all s G [0, Sq]. If not, then there exists a sequence n^. — > oo 
and s/c G [0, So] such that fukisk) > f{sk) + £• Without loss of generality, we can 
assume Sfe Soo for some Soo G [0, So] . By equicontinuity, for k sufficiently large, 
we have 

frik {Soo) + ^> /nfe (Sfc) > /(Sfe) + £• 

Take A; ^ oo, wc get lim sup„^^ /„(soo) > limsupfe^^ (soo) > ./(soo) + e/2, 
which contradicts (3.7). Finally, (3.4) follows from (3.3) by taking e = c/4. 

□ 



10 



MARTIN LI 



The example in section 2 shows that the converse of Proposition 3.8 is false 
(Figure 1). The equatorial disk shown in Figure 1 is freely stationary and almost 
minimizing with respect to isotopies preserving M, but it fails to be outer-almost 
minimizing. By allowing more deformations, we can rule out such cases as in 
Figure 1 and obtain a properly embedded free boundary solution from a min-max 
construction to be described in section 4. 

4. The min-max construction 

In this section, we describe a min-max construction for properly embedded min- 
imal surfaces with free boundary. 

4.1. sweepouts. First, we define a generalized family of surfaces which allow mild 
singularities and changes in topology. We will always parametrize a sweepout by 
the letter t over the interval [0, 1] unless otherwise stated. 

Definition 4.1. A family {T^t}telo.i] of surfaces in M is said to be a generalized 
smooth family of surfaces, or simply a sweepout, if and only if there exists a finite 
subset T c [0, 1] and a finite set of points P c M such that 

(1) for t 1^ T, St is a smoothly embedded closed surface (not necessarily con- 
nected) in M, 

(2) for f e T, S(\P is a smoothly embedded surface (not necessarily connected) 
in M and is compact, 

(3) S( varies smoothly in t (see Remark 4.2 below). 
If, in addition to (l)-(3) above, 

(4) H^CStdM) is a continuous function in t e [0, 1], here is the 2-dimensional 
Hausdorff measure induced by the metric on M, 

we say that {I]t}tg[o_i] is a continuous sweepout. 

Remark 4.2. The smoothness condition in (3) means the following: for each t ^T, 
for T close enough to t, S,- is a graph over Sj (hence diffeomorphic to St) and S^ 
converges smoothly to St as a graph when t ^ t. At t € T, for any e > small, 
let = {x & M : d{x, P) < e], then S^ \ Pt converges smoothly to Sf \ in the 
graphical sense above as t ^ t. 

Remark 4.3. Note that condition (4) is not redundant since we could have a con- 
tinuous (or even smooth) family of St C M such that T-P{llt H M) is discontinuous. 
In general, the function TH? (St fl M) is only upper semi-continuous in t. See Figure 
2 for an example of a discontinuous sweepout of a topological annulus by curves. 
Here we let M be a disk with a square removed and consider a sweepout of M by 
vertical lines. This example is one dimension lower but a similar example in M? can 
be constructed easily. In fact, by Lemma 3.1, condition (4) is equivalent to saying 
that {St n Af}t£[o^i] is a continuous family as varifolds in M. 

4.2. The min-max construction. Given a sweepout {Sf}, we can deform the 

sweepout to get another sweepout by the following procedure. Let ili = i'tix) = 
'ip{t, a;) : [0, 1] X M — >• M be a smooth map such that for each t G [0, 1], there exists 
isotopies {<^*}se[o,i] € 35°"* such that ip{ = ipf We define a new family {Sj} by 
Sj = tptCSi). It is clear that {SJ} is a sweepout in the sense of Definition 4.1. A 
collection A of sweepouts is saturated if it is closed under these deformations of 
sweepouts. 
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Figure 2. A sweepout which is not continuous. (The dashed hnes 
represent the part of the hue which hes outside M , whose length 
is not counted.) 



Remark 4.4. For technical reasons, we will require that any saturated collection A 
has the additional property that there exists some natural number N = N{A) < oo 
such that for any {St} G A, the set P in Definition 4.1 consists of at most N points. 

We will apply our min-max construction to a saturated collection of sweepouts. 
Given any such collection A, and any sweepout {E*} € A, we denote by ^"({St}) 
the area of its maximal slice (with respect to area in M) and by mo (A) the infimum 
of T over all sweepouts in A; that is, 

^({SJ) = sup 7^2(5], nAf), 
te[o,i] 



and 



mo(A)= inf -F({EJ). 

{St}eA 



Note that we have to take "sup" in the definition of T instead of "max" (as in [3]) 
because the maximum may not be achieved if the sweepout is not continuous. 

Definition 4.5. Given a saturated collection A of sweepouts, 

(1) A sequence {I]"}„gN of sweepouts in A is a minimizing sequence of sweep- 
outs if 

lim ^({EJ'})=mo(A). 

n— f oo 

(2) Let {S"}„gN be a minimizing sequence of sweepouts. Suppose we have a 
sequence t„ G [0, 1]. We say that {E"^ n M}„gN is a min-max sequence of 
surfaces if 

lim nM) =mo(A). 
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Our goal is to show that there exists some min-max sequence E"^ n M converging 
(in the varifold sense) to a properly embedded free boundary solution S (possibly 
with multiplicities). It is clear that the area of E (counting multiplicities) is equal 
to mo (A). In order to produce something non-trivial, we need mf){K) > 0. We first 
show by an isoperimetric inequality that this can be done by choosing the initial 
sweepout to be the level sets of a Morse function. 

Proposition 4.6. There exists a saturated collection A of sweepouts with too(A) > 
0. 

Proof. Take any Morse function J : M [0, 1] on the closed 3-manifold M. Define 
Ef = f^^{t) for t E [0, 1]. Then {Etjjgjo.i] is a sweepout in the sense of Definition 
4.1. Let A be the saturation of {Ej}, the smallest collection of sweepouts which is 
saturated and contains {E^}. We will show that for such a collection A, we have 
mo (A) > 0. 

Let ip = ipt{x) = tp{t,x) : [0, 1] x M — > M be a smooth map such that for each 
t G [0, 1], there exists isotopies {<y5s}sG[o,i] ^ ^^out such that ip{ = tpt- Define the 
new sweepout {Ft} e A by Ft = ipti^t)- We claim that J"({Ft}) > C > 0, where 
C is a constant independent of tp. This would imply mo(A) > C > 0. 

To prove our claim, let Ut = f~^{[0,t)), ^ M \ Ut and take Vt = ^t{Ut), 
Vl ^ijjt{Ul.). The compact subset M is a disjoint union of VtHM and V/nM, with 
dVtn int(Af) = 9y/n int(M). Since the function t ^ Ti^iVt n M) is continuous, 
and n^iVQ n M) = 0, H^iVi Ci M) = Vol(M), there exists to e (0, 1) such that 
n^iVt^nM) = iVol(Af). 

By the isoperimetric inequality, there exists a constant C — C{M) > such that 

^Voi(M) = n^iVt, n M) < c{M){n\rt, n m))^. 

Hence, 

j-({Fj) = sup n'iTt n M) > f ' > 0. 

This proves our claim and thus the proposition. □ 

4.3. Convergence of min-max sequences. We now state the main convergence 
result which implies Theorem 1.1. 

Theorem 4.7. Let M he a compact domain of a closed Riemannian 3-manifold M . 
Given any saturated collection of sweepouts A, there exists a min-max sequence of 
surfaces {E"^ H Af }„gN obtained from A, which converges in the sense of varifolds 
to an integer-rectifiable varifold V in M with ||y||(Af) = mo(A). Moreover, there 
exists natural numbers tt-i, . . . , and smooth compact properly embedded minimal 
surfaces Fi, . . . , F^ such that 

k 

V = y^nj^, 

i=i 

where each F^ is either closed or meets dM orthogonally along the free boundary 
dV,. 

The proof of Theorem 4.7 can be divided into three parts. The first part is a 
tightening argument which is similar to Birkhoff's curve shortening process j3]. The 
goal is to find a good minimizing sequence of sweepouts such that almost maximal 
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slices are almost freely stationary. This rules out the existence of almost maximal 
bad slices (see Figure 4 in i4|) which would not converge to a freely stationary 
varifold. The precise statement we will prove is the following: 

Proposition 4.8. Given a saturated collection A of sweepouts, there exists a min- 
imizing sequence of sweepouts {E"}„gN such that 

(1) {S"}jg[o,i] is a continuous sweepout for each n E N. 

(2) Every min-max sequence of surfaces {S"^ H M}„gN constructed from such 
a minimizing sequence has a subsequence converging weakly to a freely 
stationary varifold V G Voo supported in AI. 

The key new ingredient in the proposition above is a perturbation lemma which 
says that any sweepout can be approximated by a continuous sweepout. 

Lemma 4.9. Given any sweepout {Tit}te[o.i] G any e > 0, there exists a 

continuous sweepout {I]J}tg[o.i] € A such that 

The proof of Lemma 4.9 is rather technical and will be presented in Appendix 
B. Using the perturbation lemma, one can assume, without loss of generality, that 
a minimizing sequence of sweepouts is continuous. Once we have continuity, the 
proof of Proposition 4.8 is a simple modification of the arguments in section 4 of 
[1]. We will give the details in section 5 of this paper. 

The second part of the proof of Theorem 4.7 is to establish the existence of a 
min-max sequence which is outer almost minimizing on small annuli. Let x £ M 
and r > 0. Let AAfr{x) be the collection of all annulus centered at x with outer 
radius less than r and inner radius greater than zero. We will prove the following 
existence result in section 6. A key note is that the proof requires continuity of the 
minimizing sequence of sweepout, which is given by Proposition 4.8. 

Proposition 4.10. Given a saturated collection A, there exists a positive function 
r : Af — > M and a min-max sequence of surfaces {E" = S"^ H M}„gN such that 

(1) {I]"}„gN is an outer almost minimizing sequence in any annulus An G 
AJ\fr{x)ix)^ where x is any point in M; 

(2) In every such annulus An, E" is a smooth surface (possibly with boundary) 
when n is sufficiently large; 

(3) The sequence E" converges to a freely stationary varifold V in M as n ^ oo. 

The third part of the proof of Theorem 4.7 is a regularity theorem for outer 
almost minimizing varifolds. The idea is that the outer almost minimizing property 
enables us to construct replacements (see Definition 8.1) for the freely stationary 
varifold V obtained in Proposition 4.10. It turns out that having sufficiently many 
replacements implies that a freely stationary varifold is regular. 

Proposition 4.11. The freely stationary varifold V in Proposition 4.10 is inte- 
ger rectifiable and there exists natural numbers rii , . . . , rife and smooth compact 
properly embedded minimal surfaces Fi, . . . , Pfe such that 

k 

V = y^n^Pi, 

1=1 

where each P^ is either closed or meets dM orthogonally along the free boundary 

sr.. 
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The construction of replacements involves a minimization problem among all 
surfaces which are outward isotopic to a fixed surface. This is a localized version of 
Meeks-Simon-Yau's paper |24) with partially free boundary. In section 7, we will 
treat this minimization problem in detail. In section 8, we prove the regularity of 
freely stationary varifolds which can be replaced sufficiently many times. Combining 
Proposition 4.8, 4.10 and 4.11, we obtain the main convergence result (Theorem 
4.7). 

5. Existence of freely stationary varifolds 

In this section, we show that there exists some nice minimizing sequence of sweep- 
outs such that any min-max sequence of surfaces obtained from such a minimizing 
sequence has a subsequence converging to a varifold in M which is freely stationary. 
Using the perturbation lemma (Lemma 4.9), we can make the minimizing sequence 
continuous. This is essential in the proof of Proposition 4.8, and Proposition 4.10 
in the next section. 

We restate Proposition 4.8 below. 

Proposition 5.1 (Proposition 4.8). Given a saturated collection A of sweepouts, 
there exists a minimizing sequence of sweepouts {S"}„gN such that 

(1) {S"}tg[o,i] is a continuous sweepout for each n e N. 

(2) Every min-max sequence of surfaces {S"^ n M}„gN constructed from such 
a minimizing sequence has a subsequence converging weakly to a freely 
stationary varifold V £ Voo supported in M. 

Proof. Let {S"}„gN C A be a minimizing sequence of sweepouts. By Lemma 4.9, 
we can assume {'^'t}t<£[a,i] is a continuous sweepout for each n. So (1) is estabhshed. 

Fix some C > 4mo. By Lemma 3.4, V^(M) C V*^(M) is a compact set in the 
weak topology. Let d be a metric on V^{M) whose metric topology agrees with 
the weak topology. By restricting ourselves to tangential vector fields in Xtam the 
same argument as in section 4 of [4 gives a "tightening" map 

* : V^(Af) ^ 3sta„ 

such that 

(a) ^' is continuous with respect to the weak topology on V"^(-M) and the C^- 
norm on 3Stan- 

(b) If y e V£(M), then *(F) is the identity isotopy on M. 

(c) If y ^ V£(M), then 

\\i^iV),)^V\\iM) < \\V\\{M)-L{diV,VgiM)) 
for some continuous strictly increasing function L : M — > M with L(0) = 0. 

Remark 5.2. In step 1 of section 4 of [4 , we should take ||xy lloo < when k > 
to make sure that vj/ is continuous. The rest of the argument goes through because 
the set of tangential vector fields Xtan is a convex subset of the set of all vector 
fields X in M. Hence, the vector field Hy defined in step 1 of section 4 of [3] also 
belongs to Xtan- 

Since {S"} are continuous sweepouts, for each n, {E"nM}tg[o,i] is a continuous 
family in V*^(M). Therefore, 5'(St H M) is a continuous family in 3stan- By a 
smoothing argument (for example, one can take a convolution in the i- variable). 
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we can make it a smooth family. We use these tangential isotopies to deform the 
minimizing sequence {S"} to another minimizing sequence {F"} which satisfies 

(5.1) n^ir'i n m) < h^{j:]^ n m) - L{d{j:i' n M,vg{M)))/2. 

As {!]"}„ is a minimizing sequence of sweepouts, we can assume that 

(5.2) Hi^n) < ™o + l/n. 

Furthermore, the sweepouts {F"} are continuous since only tangential vector fields 
are used in the deformations. 

Next, we claim that for every e > 0, there exist 5 > and N G N such that 
whenever n > and U'^iT^^nM) > mo~S, we have d(FJ'^nM, V£(M)) < e. To see 
this, we argue by contradiction. Note first that the construction of the tightening 
map yields a continuous and increasing function A : — ^ M"^ (independent of t 
and n) such that A(0) = and 

(5.3) rf(I], n M, Vg{M)) > A(d(Fr n M, Vg{M))). 

Fix e > and choose d>0, N eN such that i(A(e))/2 -S>l/N. We claim that 
for this choice of 6 and A^, whenever n > N and ■H^(F"^ n M) > mo — 6, we have 
d{T^^ n M, V^(M)) < e. Suppose not. Then there are n > A^ and t„ such that 
?^2(f» nM) > mo-5 and d(FJ* n M,Vg{M)) > e. Hence, from (5.1) and (5.3) 
we get 

H'ii:^ n M) > n^iri^ n M) + ^^^^ > mo + ^^^^ -5>m, + l>mo + -. 

2 2 N n 

This contradicts (5.2). This proves our claim and the claim clearly implies (2) in 
Proposition 5.1. Therefore, the proof is completed. □ 

6. Existence of outer almost minimizing varifolds 

In this section, we prove the existence of a min-max sequence which is outer 
almost minimizing on small annuli. The proof is a combinatorial argument first 
introduced by F. Almgren in [20]. First we recall the following definition from 0j. 

Definition 6.1. Let CO be the set of pairs ([/^, U'^) of open sets in M with 

d{U^,U'^) > 2min{diam(C/^),diam(C/2)}. 

Given (/7^,C/^) € CO, we say that V e V{M) is e-outer almost minimizing in 
{U^, U"^) if it is e-outer almost minimizing in at least one of the or . 

Remark 6.2. The significance of CO is that for any (C/\ C/^) and (y\y2) e CO, 
there are some i,j = 1,2 with d{U\ V^) > 0, hence W n = 0. 

The key lemma in this section is the following. 

Lemma 6.3. Let {S"} be a minimizing sequence as given in Proposition 5.1. Then 
there is a min-max sequence {E^jigN = {Y^^^^^^} L^fi such that 

each is —-outer almost minimizing in every {U^ , C/^) G CO. 
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Proof. We will argue by contradiction. First of all, we fix a minimizing sequence 
{I]"}„gN C A satisfying Proposition 5.1 and such that 

(6.1) J-({Sr})<mo + ^. 

Fix L G N. To prove the lemma, we make the following claim. 

Claim 1: There exists n > L and t„ E [0, 1] such that S" = S"^ satisfies 

(a) S" is i-outer almost minimizing in every {U^, U"^) G CO. 

(b) ^^(^"nM) > mo - 

Proof of Claim 1: We define the sets of "big slices" for each n > L by 

Kr,^\te [0, 1] : ^^(S^ n A/) > mo - 

Note that Kn is compact since {S"} is a continuous sweepout (by (4) in Definition 
4.1). If Claim 1 is false, then for every t € Kn, there exists a pair of open sets 
(?7^'*, C/^'*) G CO such that S" is not -^-outer almost minimizing in any one of 
them. So for every t e Kn, there exists isotopies {y^s'^lsefo,!] G 3Sout(t^^'*) and 
{'PV}selo.i] G 3Sout(C^^'*) such that for i = 1,2, 

(1) H^{ipi:*{^^') n Af) < H^iY.-^ n Af) + for every s e [0, 1]; 

(2) ^^(^^(SJ^) n M) < •^^(EJ' n Af) - i. 

Next, we want to establish the following claim. 

Claim 2: For each t e Kn, there exists 5 = 6{t) > such that if |t — 1| < S, then 
for I = 1,2, 

(r) ^^(^^.((j]") n A/) < ^^(E;^ n a/) + for every s G [0, 1]; 

(2') H^iip^^i^"^) n Af) < ^2(1];' n m) - ^. 

Proof of Claim 2: To see why (1') is true, we argue by contradiction. Suppose 
no such S exists, then there exists a sequence tj — t and Sj G [0, 1] such that for 
aU j, 

h2(^M(s« ) n A/) > n^ij:i n a/) + ^. 

After passing to a subsequence, we can assume that sj -> sq for some sq e [0, 1]. 
Observe that (pg|*(E"^. ) converges weakly as varifolds to (y9*'^*(E") as j oo. By 
(2.6.2(c)) in pTl and the fact that the sweepouts {E"} are continuous, we have 

^2(^1;; (ED n Af) > \imsnpn'{ipl-^{K^)n M) 
> lim ^^(E;! nAf) + -^- 

= 7{2(E?nAf) + ^. 

This contradicts (1) above. So we can choose S > such that (T) holds. 

The proof of (2') is similar. Again, if no such 6 > exists, then there exists a 
sequence Tj — > t such that for all j, 

h2(<^;'*(e« ) n M) > h2(e:?^. n a/) - ^. 
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Since converges weakly to (/3'j'*(S") in M as j — > oo, thus, we have 

n M) > limsupH'((^l'*(I];^^.) n M) 

> hm nAf)-i. 

This contradicts (2) above. Therefore, (2') holds for sonic S > 0. Thus, Claim 2 is 
estabhshed. 

The rest of the proof is exactly the same as in section 5.2 of (Ij, replacing by 
H^{- n M) and (2'), (3') in [4] by our (1'), (2') in Claim 2 above. (There is a typo 
in the last line of equation in that section. It should read 

n'iri) < n'm^) -±- + ±-< - ^.) 

The proof of Claim 1 is completed and so is Lemma 6.3. □ 

For any x € M, < s < t, let An(a;, s, t) denote the open annulus centered at x 
with inner radius s and outer radius t. Let r > 0, we set AAfr{x) as the collection 
of open annuli An(x, s,i) such that < s < t < r. By the same argument as 
in Proposition 5.1 of Colding-De Lellis |3], we obtain Proposition 4.10, which we 
restate below. 

Proposition 6.4 (Proposition 4.10). Given a saturated collection A, there exists 
a positive function r : Af — > M and a min-max sequence of surfaces {S" = S"^ n 
M}„gN such that 

(1) {I]"}„gN is an outer almost minimizing sequence in any annulus An G 
AMr(x)ix): where x is any point in M; 

(2) In every such annulus An, E" is a smooth surface (possibly with boundary) 
when n is sufficiently large; 

(3) The sequence E" converges to a freely stationary varifold V in M a.sn oo. 



7. A MINIMIZATION PROBLEM WITH PARTIALLY FREE BOUNDARY 

In this section, we prove a result about minimizing area in M among isotopic 
surfaces similar to the ones obtained by F. Almgren and L. Simon W. Meeks, 
L. Simon and S.T. Yau [H], M. Griiter and J. Jost [H] and J. Jost [T5]. Since 
we are restricting to the class of outward isotopies, we need to modify some of the 
arguments used in the papers above. 

First, we define the concept of admissible open sets. 

Definition 7.1. An open set U C M is said to be admissible if it satisfies all the 
following properties: 

(i) U is smooth, i.e. U is an open set with smooth boundary dU; 

(ii) U is uniformly convex in the sense that all the principal curvatures with 
respect to the inward normal is positive along dU; 

(iii) the closure U is diffeomorphic to the closed unit 3-ball in M^; 

(iv) dU intersects dM transversally and U n dM is topologically an open disk; 
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(v) the angle between dU and dM is always less than it/ 2 when measured 
in U n M , i.e. if vu and vm are the outward unit normal of U and M 
respectively, then i/ij ■ vm < along dU n DM. 

Given a surface S in M, we want to minimize area (in M) among all the surfaces 
which are outward isotopic to E and are identical to E outside an admissible open 
set U. 

Definition 7.2. Let U C M be an admissible open set. Let E C M be an embedded 
closed surface (not necessarily connected) intersecting dU transversally. Consider 
the minimization problem (E, 3Sout(C^)): 

a= inf 'H\(pi{E)nM), 
{vs}eaw((7) 

if a sequence {ip'^}keN £ 3Sout(C^) satisfies 

lim ■H^(v5i(E)nM) = a, 

we say that Efc = (^5;'(E) is a minimizing sequence for the minimization problem 
(E,3Sout(;7)). 

Note that if two surfaces Ei and E2 agree in M, i.e. Ei n M = E2 n M, then 
the minimization problems (Si, OfSout(t/)) and (E2, 2fSout(C^)) are equivalent since 
we only count area in M and (/?i(Ei)n Af — (^i(E2)nM for any {<fs}se[o,i] ^ ^Sout- 

By a small perturbation by outward isotopies, we can always obtain a minimizing 
sequence E^ so that Efc intersects dM transversally for every k. The key result of 
this section is the following theorem. 

Theorem 7.3. Let U d AI be an admissible open set, suppose {E/j} is a minimizing 
sequence for the minimization problem {T,,3Sout{U)) defined in Definition 7.2 so 
that Efc intersects dM transversally for each k, and Efc n M converge weakly to a 
vanfold V e V{M). 

Then, the following holds: 

(a) V = T, for some compact embedded minimal surface F C U H AI with 
smooth boundary (except possibly at dU H dM) contained in d{U H Af); 

(b) The fixed boundary ofT is the same as E n (dU D M); 

(c) r meets dM n U orthogonally along the free boundary of dT ; 

(d) r is stable with respect to 3stan{U). 

Remark 7.4. It is clear that V is freely stationary. The only thing we have to 
prove is regularity. Interior regularity follows from a localized version of ^24 given 
in Proposition 3.3 of [7|. The regularity at the fixed boundary 9C/nint(M) is also 
discussed in Therefore, the only case left is the regularity at the free boundary 
dM n U. Hence, Theorem 7.3 says that the limit varifold V is equal to a stable, 
smooth, properly embedded minimal surface F (possibly disconnected). 

The proof of Theorem 7.3 goes as follows. We first apply a version of local 7- 
reduction (see [24j and [2]) to reduce the minimization problem to the case of genus 
zero surfaces. Then we use a result from I18| to conclude that such minimizers are 
smooth. 
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7.1. Local 7-reductions. Following |7] and |24j, replacing area by area in M, we 
modify some of their definitions and propositions for our purpose. First of all, we 
fix 5 > such that the following lemma holds (see Lemma 4.2 of |18)). 

Lemma 7.5. There exists rg > and 6 € (0,1), depending only on M and M, 
with the property that if T, is a surface in int(M ) with dYi d dM and 

n^{j:nBr„{x)) <S^rl foreachxeM 

then there exists a unique compact set K <Z M such that 

(a) dKf] int{M) — Y, (i.e. K is hounded by E modulo dM); 

(b) n^{K n Br^ {x)) < 6^rl for each x £ M; and 

(c) 'H^(K) < 00^^(2)3, where Cq depends only on M and M. 

By rescaling the metric of M if necessary, we can assume that rg = 1 in Lemma 
7.5. From now on, we will assume that (5 > satisfies Lemma 7.5 with ro = 1. 
We will generalize the notion of 7-reductions to allow boundary reductions as well. 
Suppose < 7 < (5^/9. 

Definition 7.6. Let Ei and E2 be closed (possibly disconnected) embedded sur- 
faces in M. We say that E2 is a (7, U)-reduction o/Si and write 

E2 < Si 
if the following conditions are satisfied: 

(1) S2 is obtained from Si through a surgery in U, that is, 

(i) Si \ S2 n M = A C J7 is diffeomorphic to either a closed annulus 
A = {{xi,X2) G M^|l < xl + xl < 2} or a closed half-annulus A+ = 
{ixi,X2 ) e A\x2 > 0}; 

(ii) S2 \ Si n M = Di U 152 C ?7 with each Di diffeomorphic to either the 
closed unit disk V — { (a; 1,2:2) G + ^2 ^ 1} or the closed unit 
half-disk V+ = {{xi,X2) € V\x2 > 0}; 

(iii) There exists a compact set K embedded in U, homeomorphic to the 
closed unit 3-ball with dK = AU Di U D2 modulo dM (i.e. there 
exists a compact set Y C dM such that dK = AU DiU D2UY), and 

(if \ a/c) n (El u S2) = 0. 

(2) n^A) + n^Di) + n\D2) < 27; 

(3) If r is a connected component of Ei H t/ H M containing A, and F \ A is 
disconnected, then for each component of r\ A we have one of the following 
possibilities: 

(a) either it is a genus zero surface contained in U O M with area > 6'^/ 2; 

(b) or it is not a genus zero surface. 

- (7,(7) 

We say that S is (7, U) -irreducible if there does not exist E such that E ^ E. 

A immediate consequence of the above definition is the following. 

Remark 7.7. S is (7, [/) -irreducible if and only if whenever A C ?7 n M is a closed 
disc or half-disk with dA \ dM = A n E and 'H^(A) < 7, then there is a closed 
genus surface D C E n C/ n M with dA \ dM = dD\ dM and n^{D) < S^/2. 

Similar to [23], we define strong (7, f7)-reduction as follows. 
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Definition 7.8. Let Si and S2 be closed (possibly disconnected) embedded sur- 
faces in M. We say that E2 is a strong {''f^U) -reduction o/Si and write 

S2 < Si 

if there exists an isotopy {V's}se[o.i] G 3Sout(t^) such that 

{■i,u) 

(1) S2 < Vi(Si); 

(2) S2n(M\t/) = Ein(M\C/); 

(3) H2((V'i(Si)AEi)nM) <7. 

- (7,(7) 

We say that S is strongly (7, U) -irreducible if there is no E such that S < E. 

Following the same arguments in Remark 3.1 of [21], we have the following 
proposition. 

Proposition 7.9. Given any closed embedded surface E (not necessarily con- 
nected), there exists a sequence S = Ei, E2, . . . , Ej. of closed embedded surfaces 
(not necessarily connected) such that 

where E^ is strongly (7, t/)-irreducible. Furthermore, there exists a constant c > 
which depends only on genus(E n M) and 'H^(E n M)/5'^ so that k < c, and 

■H2((i]AEfc)nM) <3c7. 

Proof. The proof is the same as the proof of Remark 3.1 in |24l. □ 

The following theorem gives our main result for strongly (7, C/)-irreducible sur- 
faces E. For any closed surface E, we denote 

£;(E) =-H^(EnM)- inf ^^(E'nAf), 

s'ej[,(s) 

where Jc/(E) — {c/?i(E) : {</?s}se[o,i] ^ 3Sout(t^)} denotes the set of all surfaces 
which are outward isotopic to E in U. Let Eg denote the union of all components 
A C E n [/ n M such that there exists some Ka C U diffeomorphic to the unit 3-ball 
such that Ac Ka and OKa n E n Af = 0. 

Theorem 7.10. Let U C M be an admissible open set, and A d U be a compact 
subset diffeomorphic to the unit 3-ball. Assume dM intersects both dU and dA 
transver sally. 

Suppose E C M is a smooth closed embedded surface (possibly disconnected) such 
that 

(i) E intersects both dM and dA transversally; 

(ii) -B(E) < 7/4 and is strongly (7, U) -irreducible; 

(iii) For each component F 0/ E H dA D M , let Fr be a the component in {dA D 
M)\r such that dFr \ dM = T and H^{Fr) = TJim{H^{Fr),H^{{dA n 
M) \ Fy)}. Furthermore, suppose that X]j=i^^(^i) — i' "where Fj — F^j 
and Fi, . . . , Fg denote the components 0/ E H dA D M . Note that each F is 
either a closed Jordan curve in M or a Jordan arc with endpoints on dM , 
and each F^ is either a disk, a half-disk or an annulus in M . 
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Then, H^(So) 5: ^(^) f^^d there exists pair-wise disjoint, connected, closed genus 
zero surfaces Di,...,Dp with D, C (E \ So) H C/ n M, dDi \ dM C dA and 
(uLi A) n A n Af = (E \ Eo) n ^ n M. Moreover, 

1=1 j=i 

Furthermore, for any given a > 0, we have 

^'((uLi(^i(A) \ n M \ (A \ dA)) < a 

for some isotopy {^Ps}se[o.i] G 3Sout(C/) (depending on a) which is identity on some 
open neighborhood of (E \ Eq) \ Uf^]^(I?i \ dDi). 

Although all sufBciently small disks with the same boundary are isotopic to each 
other, which is a crucial point in the proof of Theorem 2 in [24 , not all of them are 
outward isotopic to each other. Therefore, we need to establish the lemma below, 
which says that all small disks are almost outward isotopic, modulo arbitrarily small 
area. 

Lemma 7.11. Let U and A be as in Theorem 7.10. Let T be a Jordan curve in 
dAnint{M) which is either closed or having endpoints on dM . Let F C dA be a 
connected component of {dA H M) \ T , which is diffeomorphic to a disk, a half-disk 
or an annulus. Let D d U H M be a genus zero surface transversal to dM with 
dD \ dM = dFn \dM = T, and Df]F = ib. In addition, we assume that FU D 
bounds a unique compact set K G M modulo dM , i.e. dKnint{M) = F U D. 

Then, for any a > 0, there exists an isotopy {^s}se[o.i] ^ 3Souf(^) supported 
on a small neighborhood of K such that ips{x) = x for all x ^ T and all s e [0, 1], 
moreover, 

n'^{{ipi{D)nM)AF) < a. 
In other words, we can outward isotope D to approximate F as close as we want. 

Proof. We divide the situation into two cases according to whether the boundary 
curve r is closed or not. 

Case 1: F is a simple closed curve. 

In this case, F is either a closed disk or a closed annulus in dA H M . In the 
latter case, we will show that we can even find an isotopy {^Ps} supported on a 
neighborhood of K , leaving F fixed, and (pi{D) C\M = F. 

After a change of coordinate, we can assume that 

• [/ is the open ball of radius 2 in centered at origin; 

• A <zU \s the closed unit 3-ball centered at origin; 

• Af n [/ = [/ n {2:3 > 0} is the upper half-ball; and 

• F = {{xi,X2,x:i) & : 3:3 = i, + x| = |}. 

First, we look at the case that _F is a closed disk, i.e. F = {{xi,X2,xz) £ ■ 
X3 > Let D be the genus zero surface as given in the hypothesis. Note that D 
meets dM at a finite number of simple closed curves F^, i = 1, . . . , iV, each of which 
bounds a closed disk Di in dMD U. Since D is a genus zero surface with boundary, 
it is clear that DUF\j{DiU- ■ - UDn) is homeomorphic to a 2-sphere, and thus, the 
compact set K bounded by F U D modulo dM is homeomorphic to the unit 3-ball 
in M'^. Observe that if D H dM = 0, then it is trivial that we can isotope D to F, 
holding dM fixed. If D n dM ^ 0, we then use a tangential isotopy to deform it 
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SO that it approximates a disk disjoint from dM with boundary F, which in turn is 
isotopic to F. To see this, perturb each closed disk Di into the interior of M such 
that the boimdary of the disk stays on D, call Di the perturbed disk, then there 
is a closed annulus Ai d D such that dA^ = dD^ U dlD^ and Aj U U Di bounds 
a ball in K. Using a tangential isotopy, we can deform D such that it agrees with 
{D \ Ai) U Di with an error in area as small as we want (one simply shrinks the 
size of the neck in K). Repeat the whole procedure for each Di, one can deform D 
such that is arbitrarily close to a disk disjoint from dM, and we are done. 

In the case that F is a closed annulus, again let Ti be the set of simple closed 
curves where D meets dM. Note that all except possibly one Ti bounds a disk in K. 
For those which bounds a disk, we can repeat the "neck-shrinking" argument as in 
the previous case to eliminate them. Therefore, we can assume that Ti together with 
Tq = dFddM bounds a connected genus surface A in dM. After a further change 
of coordinate, we can assume that K = Ax [0, |], where we think of A as a subset 
of dM C K^. Next consider the outward isotopy given by the vertical translations 
(fis{xi,X2,X3) = {xi,X2,X3 — s) (with some cutoff near dU so that it is supported 
in U), take a smooth function x on such that X = along Fq, x = 1 outside 
a small neighborhood V of Tq disjoint from all Ti, and < x < 1 elsewhere. By 
choosing the neighborhood V of Fg smaller and smaller, we see that the outward 
isotopy {xVs} given by the vertical translations with cutoff would deform D to 
approximate F as close as we want. This implies our desired conclusion. 

Case 2: T is an arc with endpoints on dM . 

Assume the standard setting as before after a change of coordinate, suppose for 
our convenience that F = \(x\,X2,x^ € dA : x\ = 0}, and F = \{x\,X2,X'j,') € 
dA : xi > 0}. Note that D intersects dM at a Jordan arc Fi with the same 
endpoints as F and a (possibly empty) finite collection of disjoint simple closed 
curves F^, i = 2,. . . ,N. Let Tq = F D dM. By assumption, there is a compact 
set K C M U such that dK ~ D U F U A where A is a genus zero surface 
in dM with dA = ufLgTi. For ah those F^, i = 2,...,N, which bounds a disk 
in A, we can shrink down the neck as in Case 1. So we can assume without 
loss of generality that A is connected. There are two further sub-cases: either 
Fq U Fi is the outermost boundary of A or it is not. In the first case, similar to the 
second part of Case 1 above, we can assume (up to a change of coordinate) that 
F = {ixi,X2,X3) G ■■xi^0,x3> 0,xl+xl < 1}, A = {(.xi, xa, .ts) G : = 
0, xi > 0, + ^2 < 1} \ uflg-^i where Di is the disk in dM bounded by the simple 
closed curve Ti, and D is the union of a graph over A and n — 1 cylinders contained 
in Fj X [0, 1] . Using a cutoff function x as before which is zero on Fq = F n dM and 
the vertical translations, we can deform D to approximate F as close as we want. 
Now we are left with the case that Fq U Fi is not the outermost boundary of A. 
In this case, we can take A — {{xi,X2,X3) G M'' : x-^ = 0,xl + x^ < j^} \ U^2-0j 
where Di is the disk in dM bounded by the simple closed curve F^, and D is the 
union of a graph over A and n — 1 cylinders contained in Fj x [0, 1]. Then a similar 
translation with cutoff will deform D to approximate F and we are done. 

□ 



Now we are ready to give a proof of Theorem 7.10. 
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Proof of Theorem 7.10. The proof is almost the same as that in [21], except that 
we have to use Lemma 7.11 because not all small disks are outward isotopic to each 
other. 

As in Meeks-Simon-Yau [21], we can assume that So = 0- We proceed by 
induction on q. Denote 

{H), So = 0, El=i^'(J^j) < 7/8, E{^) < 7/2 - 2j:'^,^,n'{F,), and S is 
strongly (7, C/)-irreducible, where 7 = 7/4 + 4X;j=i 'H'^{Fj) + E{T,). 

{C)q the conclusion of Theorem 7.10 is true. 
We will show that the statement ''{H)q {C)q" is true for all q. Assume it is true 
for q — 1. We want to show by induction that it is true for q also. 

Relabeling if necessary, we can assume that Fq is innermost, i.e. Fq H Fj =0 for 
all j 7^ q. Since S is strongly (7, J7) -irreducible and H^{Fq) < 7. By Remark 7.7, 
there exists a connected genus zero surface D C SnJ/nM such that dD\dM = Tq 
and T-L^{D) < 5^/2. Since Fq is innermost, DDFq — 0. As the area of Fq and D are 
small, we can apply Lemma 7.5. Hence, there is a unique compact set K C M which 
is bounded by U D modulo dM. Moreover, since U Z? is a genus zero surface, 
it is easy to see that there exists a small neighborhood of K which is diffeomorphic 
to the unit 3-ball whose boundary is disjoint from S n M. Because we assume that 
So = 0, we know that the whole neighborhood is disjoint from (S n M) \ D. 

Replace D by Fq and write S* = (S\_D) UF^ (which is only a Lipschitz surface), 
and Fq ,: = {x e M : d{x,Fq) < e}, for each e > 0, we can select a continuous 
tangential isotopy {(Ps}se[o,i] ^ 3stan(t^) such that ^siFq^e) C ips{x) = x for 
X ^ Fq J, furthermore, 

(7.1) ^^((s* n Fq^,) n M) < ■h2(^i(s, n Fq,,) n m) < ^^((s, n F,,e) nM) + e 

and 

(7.2) ^i(s*nF,,e)naA==0. 

In other words, we deform S* to detach Fq from dA. Let S* = (pi(S*) (smooth by 
suitably choosing ipi), for e small enough, we have 

(i) t.ndA = up,r„ 

(ii) AS) n M) < n^D) + nHFq) + e, 

(iii) n'^it, n M) < ^^(s n M) + n'^{Fq) ~ n^{D) + e. 

Notice (iii) implies 

(iii)' F(S,) < F(S) + n^Fq) - n^{D) + e. 
because Lemma 7.11 implies that 

(7.3) inf -H^(S'nAf)< inf -H^(S'nAf). 

S'e./c/(S) s'e./c(E.) 

Taking e < T-L^{Fq), following the same arguments in [JJ, we see that S* satisfies 
{H)q-i, hence (C)g_i holds by induction hypothesis. There must be pairwise 
disjoint connected genus zero surfaces Ai, . . . , Ap contained in S* n C/ n Af with 
dAj \ dM c dA, (uf^i Ai) n (^ \ dA) = S, n (A \ dA) n M, and 

(7.4) f]H2(A0<|^H2(F,) + F(S,). 
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Furthermore, for any a > 0, 

(7.5) 7^2(uLi(*i(A0 \ 9A0 n M \ (A \ OA)) < | 

for some isotopy {'J's}5g[o,i] € 3Sont{U) which fixes a neighborhood of (S* fl M) \ 
UfL]^(Ai \ 9Ai). Reversing the isotopy used in (7.4) and (7.5), there are pairwise 
disjoint connected genus zero surfaces Ai, . . . , Ap C S« fl M = ((S D M) \D)U Fq 
with (Uf^i A,) n (A \ 9A) = E^n{A\ dA) n M, SA^ \dM = dAi \ dM, and 

(7.6) £w'(Ai) < |^^'(i=;) + -B(S) + _ -^2(£,)^ 
Furthermore, 

(7.7) ^'(uLi(*i(Ai) \ aA,) n M \ (^ \ a^)) < - 

for some isotopy {^'s}se[o i] € JSout{U) which fixes a neighborhood of (S« fl M) \ 
(U?=i(AAaA,)UF,,,). 

Recall that K is the compact set in U O M bounded by D U F^, by Lemma 7.11, 
there exists a continuous isotopy {/?«} e 3Sout(C^) supported on a neighborhood of 
ii" fixing rg = dD\ dM and 

(7.8) ^2^(/3i(D)AF,)nM)<|. 

Moreover, we know that (S \ D) n iiT = because Eq = 0. Consider the following 
two cases: (i) Fq C Uf^^Aj; and (ii) ^ Uf^iAj. 

In case (i), if Fq c Uf^^Aj, by taking = (A^p \ F^) U £> for the unique jo 
such that Fq C Aj^j, and we select Dj = Aj for all j 7^ jq. Also, we define a 
continuous outward isotopy 1^ = {ifis} by <^ = \l/*/3; by smoothing <^ we obtain 
an outward isotopy satisfying the required conditions. Here ^' * ^ is defined by 
^ * Ps{x) = /32s(x) if < s < i, and * * f3,{x) = *2s-i(/3i(a;)) if i < s < 1. 

In case (ii), if Fq (fi U^^^Aj, we define the set of pairwise disjoint connected 
genus surfaces fi, . . . , -Dp+i by setting = Aj, j = 1,. . . ,p, and -Dp+i = D. 
In this case, we define a continuous isotopy (p by setting 1^ = /3 * (^' * /3), where 
/3 = {$s} is a smooth outward isotopy such that $s{x) = x for all x E (S n M) \ D 
and s S [0, 1], and such that (3i{Fq) n M is a genus zero surface D <Z An M with 
db\dM = dD\ dM, DndA = dDn dA, and D n *s(S*) = Tq for all s e [0, 1]. 
Such a /3 exists once we show the claim that in case (ii), there is a neighborhood 
W oiTq = dD\ dM such that W n D C A. Otherwise, we would have W with 
Tq cW andW n{E\D)nM c A\dA, and this would imply that F, c Uf^^Ai 
since (uf^^A^) n {A\ dA) = n (^ \ dA) n M (see the statement above (7.6)), 
thus contradicting we are in case (ii). By smoothing if we then again obtain the 
required outward isotopy ip. 

In each of the above cases, we have, by (7.6), that 



^ ( Ai) < ^ (F,- ) + F(S) + 7^2 ^Fg) - ^2 {D) , 
i=i j=i 
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and hence 

p 9-1 

i=l J=l 

j=i 

This proves that statement {C)q and the proof is finished by induction. 

□ 

We will need a replacement lemma about finite collection of genus zero surfaces 
with disjoint boundaries (c.f. Lemma 2 in [M])- 

Lemma 7.12. Let A d M be a closed subset which is diffeomorphic to the unit 3- 
ball such that A H dM is diffeomorphic to the closed unit disk. Suppose Di , . . . , Dp/ 
are connected genus zero surfaces in An M with Di \ dDi G A \ dA and dDi C 
dACiM. Also, assume that {dD,\dM)r\{dDj\dM) = and that either DiCiDj = 
or Di intersects Dj transversally for all i =/= j ■ 

Then, there exists pairwise disjoint connected genus zero surfaces Di, . . . , Dfi in 
ADM with b, \dD,cA\ OA, dD, C^^A = dDi n dA and H^iD,) < H^{Di) for 
i = 

Proof. Assume that R>2 and that Di, . . . , Dj^^i are already pairwise disjoint. 
If we can prove the required result in this case, then the general case follows by 
induction on R. 

Let Fi, . . . be pairwise disjoint Jordan curves (either closed or have bound- 
aries on dM), not necessarily connected, such that 

(7.9) i^i? n (ufr/ A) - uJ^iF,, 

also, for each j — I, . . . , R, Tj divides each Di which contains Tj into two genus zero 
surfaces (maybe disconnected) D, \ Tj = D[\J D'/ with dD[ \ dM = Tj = dD'/ \ dM 
(since dDiHM are pairwise disjoint by assumption, either D[ or D" is disjoint from 
dDi \ dM) and, as an inductive hypothesis, assume the lemma is true whenever 

(7.9) holds with q replaced by 5 — 1 on the right hand side (with Di, . . . , -D^-i still 
being assumed pairwise disjoint). 

For each j — l,...,q, let Ej be the part of Di^ \ Tj which is disjoint from 
dDj^\dM. Hence, dEj\dM — Tj. Let Fj be the corresponding part in U^^I?i\Fj 
which is disjoint from UjZldD, \ dM. Hence, dF^ \ dM = T-j. Let K C uf^^D, be 
a genus zero surface with dK \ dM ~ Fj„ for some Jq such that 

n^{K)< min {n'{E,),n\F,)}. 

J = l,---:9 

Let J K he the other genus zero surface in uf^^Di such that dJ \ dM = 
dK \ dM = Fj„ . Evidently we must have 

(7.10) {K\dK)f^{\J,^,,D,) = %, 

where jg is such that K C Ao- Let ii ^ i^ be such that J C Di-^ (note that then 
one of iQ, «i is equal to K), and define Dj = Dj if j ^ ji and Di^ — {Di^ \ J) ^ K. 



26 



MARTIN LI 



By (7.10) we have that each Dj is an embedded genus zero surface, and clearly 
dDj \ dM = dDj \ dM, n^{Dj) < W^iDj), Di,...,bR are pairwise disjoint and 

(7.11) Dn n (utV A) =KU (u,^,or,) . 

By smoothing Di-^ near Tj^ and making a slight perturbation near K, we then 
obtain genus surfaces £)*,..., Z)^ with dD*\dM = dDj\dM, n^{D*) < n^{Dj), 
Dl, . . . , D*j^_^ pairwise disjoint, and (using (7.11)), 

Hence, we can apply the inductive hypothesis to the collection {£>*}, thus obtaining 
the required collection Z)i, . . . , Dr. 

□ 

7.2. Minimizing sequence of genus zero surfaces. In this section, we recall a 
result by J. Jost ^18^ on the regularity for minimizers of the minimization problem 
for genus zero surfaces with partially free boundary. 

Let A C M be an admissible open set. Let F C dA\^M be an embedded smooth 
curve in M which either meets dM at the two endpoints transversally or is disjoint 
from dM . Let = A^(0,r) be the set of all genus zero surfaces D contained 
in M with F as boundary modulo 9M, i.e. dD \ dM = F, and which meets dM 
transversally. We say that is a minimizing sequence for M if 

n^Dk) < inf n^{D) + ek 
DeM 

for some positive real numbers — >■ as fc — > c». 

Theorem 7.13 (^18)). Using the notation above, let Dk (z Ai be a minimizing 
sequence for M., and suppose Dk converges to V in the sense of varifolds in M. 
Then for each point xq €supp\\V\\ D dM, there are n € N, p > (both depending 
on Xq ) and an embedded minimal surface T in M meeting dM orthogonally with 

where v{T) is the varifold represented by F with multiplicity one. 

7.3. Convergence of the minimizing sequence. In this section, we prove the 
main regularity result (Theorem 7.3). 

Proof of Theorem 7.3. Let {Sfe} be a minimizing sequence for the minimization 
problem (S, 3Sout(t^)) with S^; n M converging weakly to a varifold V in M and 
Sfc intersects dM transversally for each k. Using the same argument as in [23j, we 
can assume that (Sfc)o = for all k (see the paragraph above Theorem 7.10 for 
definition of (Sfc)o) and Sfc is strongly (7, J7)-irreducible for all sufficiently large k, 
for some fixed < 7 < (5^/9. Furthermore, we have 

(7.12) -H^ (Sfe n A/) < inf (S n M) + 

seJt,(Sfc) 

where efc — )■ as A; — ?► 00. 

As noted before, interior regularity and regularity at fixed boundary have been 
discussed in [24] and [7]. So we only have to prove regularity at the free boundary. 

Let Xq Gsupp(||y||) nun dM, and be the outward unit normal at Xq G dM. 
Define Xi = exp^^(ei/o) be a point outside M which is very close to Xq (by choosing 
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e very small). Let po > be chosen small so that all the geodesic balls Bp{xi) in M 
are admissible open sets in the sense of Definition 7.1 for all < p < po- Note that 
we have to move the center of the balls from to xi in order for [v) of Definition 
7.1 to hold. 

First of all, we want to show that V is freely stationary in U . Let X e Xtan be 
supported in [/, and {(/7s}se(-e,£) be the isotopy generated by X. By (7.12), 

(7.13) H^{^k n M) < H^{ips{^k) n M) + efe 

for all k. Note that ips{^k) H M = (fsi^k H M) since {fs} € CT0tan(C^), take /c -> oo 
in (7.13), we get 

(7.14) \\V\\{M)<\\{^s)iV\\{M) 

for all s e (— e, e). This shows that V is stable with respect to Ustan, so V is freely 
stationary. Therefore, the monotonicity formula in |14j can be applied to V. 
By the coarea formula, we have 

r uH^k n dB,{xi) n M) ds < H^i^k n {Bp{x,) \ Bp^,{xi)) n m) 

for almost every p e (0, po) and every e (0, p), where i3s(a;i) is the closed geodesic 
ball in M of radius s centered at xi. Taking a — p/2, the monotonicity formula in 
[l4] gives 

/ 'H^{T.kf^^Bs{xl)r\M) ds <cp^ 

Jp/2 

for all sufficiently large k, where c depends only on M and M and any upper bound 
for Po^(||V'||(Bpo(a;i)) + \\V\\{Bp^Xxi))) (recall that B is the reflection of B across 
9M, see [T3] for definition). Hence, we can find a sequence {pfc} C (3p/4,p) such 
that Efc intersects dBp^{xi) transversally and such that 

(7.15) ^^(Efc n dBp^{xi) n M) <cp< crjp^ 

for all sufficiently large fc, provided p < rypo, where for the moment "q G (0, 1) 
is arbitrary. If r] is sufficiently small, we see from (7.15) that Theorem 7.10 is 
applicable. Hence, there are connected genus zero surfaces d']^\ . . . , D^^"^ C EfcHM 
and for any a > 0, isotopies {v't'^}te[o,i] G 3Sout(Sp(,(a::i)) such that 

(7.16) dD\^\dMcidBp,{x^), 

Efc n Bp,{x,) n M = [iJ]UD^^^) n Bp,{x,), 

(7.17) H^(U]Li(<^l'=)(4^')) \ dD\p) n A/ \ {Bp,{x,) \ dBp,{x,))) < a, 
and 

where c is independent of fc,?7 and p. Since 'H'^{d\^'^) < c?/^p§, we know that for 
r] sufficiently small, by the modified replacement lemma with free boundary (see 
Lemma 4.4 in |IB]), there are connected genus zero surfaces D^j^"^ contained in M 
with 

(7.18) dD['^ \ dM = dD['^ \ dM, b^^ \ doi'^ C Bp^ (xi). 



28 



MARTIN LI 



and 

(7.19) n'{Di'^)<n'{Di^^). 

Combining (7.12) and (7.19), using Lemma 7.12, (7.16), (7.17) and (7.18), d[^^ is a 
minimizing sequence among all genus zero surfaces with fixed boundary do'j^^ with 
any number of free boundaries on dM. By Theorem 7.13, we know that for each 
xq Gsupp(T^) n dM, there exist n G N and p > and an embedded minimal surface 
S meeting dM orthongonally with V = nil on Bp{xo). This finishes the proof of 
Theorem 7.3. □ 

8. Regularity of outward almost minimizing varifolds 

In this section, we define the notion of good replacement property for freely 
stationary varifolds and prove that if there exists sufficiently many replacements, 
then the varifold must be a smooth minimal surface with free boundary. In the 
second half, we will describe how to construct these replacements for outer almost 
minimizing varifolds. 

Definition 8.1. Let V E V(M) be a freely stationary varifold and U C M he an 
open subset. We say that V G V{M) is a replacement for V in U if and only if 

(1) V is freely stationary; 

(2) V = V on G{M\U) and \\V'\\{M) = \\V\\{M); 

(3) V^V([/nM) is (an integer multiple of) a smooth stable properly embedded 
(not necessarily connected) minimal surface E C M meeting dM orthog- 
onally. Here, E is stable means that the second variation is nonnegative 
with respect to isotopies {ft}te{-<i,<L) supported in U and ipt{M) = M for 
all t. 

Definition 8.2. Let V G V(M) be freely stationary and [/ C M be an open subset. 
We say that V has good replacement property in U if and only if all the following 
hold: 

(a) There is a positive function ri : J7 — >■ E such that for every annulus Ani € 
AMri{x){x), there is a replacement V for V in Ani such that (b) holds; 

(b) There is another positive function r2 : C/ — >■ K such that 

(i) V has a replacement V" in any An2 € ANr^{x){x)i for the same x 
and ri as in (a), and V" satisfies (c) below; 

(ii) V has a replacement in any AnG ANr2{y){y) for any y £ U. 

(c) There is yet another positive function : [/ — > M such that V" has a 
replacement in any AnG AN'r3{z)iz) for any z £ U. 

The key result in this section is the following regularity theorem. 

Theorem 8.3. IfV has good replacement property in an open set U C M, then V 
is a smooth embedded minimal surface in UfMnt{M) with smooth free boundary on 
U n dM. 

The proof of interior regularity can be found in Therefore, we will only 
prove regularity at the free boundary. To prove Theorem 8.3, we first state a 
generalization of two lemmas from |4] adapted to the free boundary setting. 

Lemma 8.4. Let U be an open set of M and x S dMnU. Then, there exists some 
R > such that Bfi{x) H dU — and there does not exist any W G V(M) with 
support contained in B[i{x) and freely stationary in U. 
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Proof. We prove the lemma in the case U ^ Bi (0) C M? and MfMJ = Bi{0)r]{z > 
0}. The proof for the general case is similar. Fix x e dM n C/, let i? > be 
small enough (smaller than the convexity radius of x in the general case) such that 
Bji{x) CC -Bi(O). If the lemma is false, then there exists a freely stationary varifold 
in J7 n Af which is supported in Bb {x). Choose r > to be the smallest radius 
such that Br{x) contains the support of W, then the support of W either touches 
dB,.{x) n M at a point y in the interior of M or on the boundary dM . Either case 
cannot happen by the maximum principle (see Lemma B.l of [3] or Theorem 1 of 
|40) ) ■ Note that in the general case, we have to perturb by a projection (see |14j ) 
the variation field to make it tangent to dM , but the perturbation would be small 
if we choose i? > small enough, so we would still arrive at a contradiction. □ 

Given a varifold V and a point y S M, we let T{y, V) be the set of varifold 
tangents of F at y (see section 42 of [3B ) . 

Lemma 8.5. Let x € M , and V G V(M) he a freely stationary integer rectifiable 
varifold. Assume T is the subset of supp{\\V\\) defined by 

T — {y Cz supp{\\V\\) : T(y, V) consists of a plane transversal to dBii(^j. y^{x)}. 

If p is less than the injectivity radius inj{M) of M , then T is dense in supp{\\V\\)C\ 
Bp{x)\dM. 

Proof. The proof is similar to the proof of Lemma B.2 in [1]. □ 

The next proposition tells us what we can say about the freely stationary varifold 
if there exists one replacement. 

Proposition 8.6. Let U <Z M he open and V G V{M) be a freely stationary 
varifold in U . If there exists a positive function r : U ^ M. such that V has a 
replacement in any annulus AnG AMr(x) {x) • 

Then, V is integer rectifiable in UC]M. Moreover, if x Gsupp(||y||)n(int(Af)n?7), 
then 0{x, V") > 1 and any tangent cone to V &i x is an integer multiple of a plane; 
if X Gsupp(V^) n [dM n [/), then 9{x, V)> \ and any tangent cone to ^ at a; is an 
integer multiple of a half-plane orthogonal to T^dM. 

Proof. Fix an x G supp(||y||) n {dM n U). Since V is freely stationary, the mono- 
tonicity formula (3.2) from |l4j gives R > and a constant C > (depending 
only on M and M) such that for all y in some neighborhood of dM in AI, and 
< a < p < R, 

\\v\\{BAy)) ^^ \\v\\{BM) ^ 

cr^ ~ p'^ 

We can assume that R is small enough so that Lemma 8.4 is satisfied. Choose 
p < r{x)/2 and so that Ap < R is smaller than the convexity radius of M. Since 
2p < r{x), there is a replacement V G V{M) for V in the annulus An{x, p,2p). 
First of all, V on An{x, p,2p). Otherwise, since V = V in Bp{x), we have 
X Gsupp(||T^'|j) and there would be a cr < p such that V' touches dBa{x) from 
the interior, i.e. a — maxj^gsupp(||y/||) c?(y, a;). This would contradict Lemma 8.4. 
Therefore, V' is a non-empty smooth surface in An{x, p, 2p) which meets dAI or- 
thogonally, and so there is some y EAn{x, p,2p) \ dM with 9{V',y) > 1. By the 
monotonicity formula, and notice that y ^ dM, 

\\v\mp{x)) ^ \\v'\mp{x)) ^ \\v'\mM) ^ n 

16p2 I6p2 - i6p2 - 
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For X £supp(||F||)nint(A/) n C/, the usual monotonicity formula for stationary var- 
ifold gives a similar lower bound. Hence, 0{x, V) is bounded uniformly from below 
on supp(||T^||), applying the rectifiability theorem, we conclude that V is rectifiable. 

The interior case was handled in [4 , and we know that V is integer rectifiable. So 
it remains to prove the free boundary case in the proposition. Fix x Gsupp(||l/||) H 
[dM n L/), and a sequence p„ 4- such that Vp^ converges weakly to a tangent 
cone C € TV{x, V) which is stationary with respect to all variations tangential to 
TxdM . By a change of coordinate, we can assume that T^dM has inward pointing 
normal (0, 0, 1). We will show that C is an integer multiple of a half plane H . Since 
C is freely stationary, H must be orthogonal to T^dM, hence contain (0,0, 1). 

First, we place V by in the annulus An(x, p„/4, 3p„/4) and set = 
{Tp^)^Vj[. After possibly passing to a subsequence, we can assume that — C 
weakly, where C" is a stationary varifold with respect to tangential variations. By 
the definition of replacements, we have 

C" = C inSi U An(0, ^,1), 

and 

(8.1) \\C'\\iBp) = \\C\\iBp) forpe(0,l)u(^,l), 

where Bg is the ball the radius s in M.^ centered at the origin. Since C is a cone, 
using (8.1), we have 

ll^'ll(^^)-ll^'ll(^^)forall.,pMO,^)U(il). 



^2 p2 - 4^ - ^4' 

Hence, the stationarity of C and the monotonicity formula imply that C is also 
a cone. By Theorem 3.5, converges to a stable properly embedded minimal 
surface in An(a;, 1/4, 3/4), with respect to variation fields in Xtan- This means that 
CLAn(x, 1/4,3/4) is an embedded minimal cone in the classical sense and hence 
is supported on a half disk containing the origin. The minimal cone is not the x-y 
plane since each W^^ meets dM orthogonally. This forces C and C to coincide and 
be an integer multiple of the same half plane perpendicular to T^dM. □ 

We now give the proof of the main result (Theorem 8.3) in this section. 

Proof of Theorem 8.3. Again, the interior regularity is covered in section 6 of [1], 
so we only prove the free boundary regularity. Fix x esupp(||y||) n dM n U. 
Choose p small such that p < r{x)/2 and 2p is less than R given in Lemma 8.4 
and the convexity radius of M, by the good replacement property (a), we can find 
a replacement V for V in the annulus An{x, p,2p). Let E' be the stable minimal 
surface given by V in An(a;, p, 2p). For any t G (p, 2p) and s S (0, p), by the good 
replacement property (b)(i), we can find a replacement V" of V' in An(x, s, t). Let 
E" be the stable minimal surface given by V" in An(a;, s,t). 

First, we choose some t e (p, 2p) such that E' intersects dBt{x) transversally. 
Such a t exists because E' is a smooth surface in the annulus An(a;, p, 2p). Next, we 
show that E'nAn(j:, 2p) can be glued to E" C An(a:, s, t) smoothly. It has already 
been shown that they glue together smooth in the interior in [3], so it suffices to 
show that they also glue together smoothly along the free boundary. 

Fix a point y S E' n dBt{x) n dM , and a sufficiently small radius r so that 
Ti' nBriy) is a half-disk orthogonal to dM and 7 — T,' r\dBt{x)r\Br{y) is a smooth 
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arc perpendicular to dM . As in [4^, we can assume, without loss of generality, that 
Br{y) is the unit ball B in centered at origin, dM n Br{y) = {z2 = 0} O B, 
M n Briy) = {z2 > 0} n 6. Moreover, dBt{x) n Br(y) = {zi = 0} n Suppose 
Y/C\Br{y) is the graph of a smooth function ^(zi, Z2) defined on {z2 > 0, Z3 = 0}n,B. 
Hence, 7 = {(0, Z2, g(0, ^2) : ^2 > 0}. 

The replacement V" consists of S" U (S' \ Bt{x)) in Br{y). By Proposition 8.6, 
using the fact that V" satisfies (c) in Definition 8.2, T(y, V") consists of a family 
of (integer multiples) of half-planes orthogonal to {zi = 0} n S (in other words, 
they contain the vector (0,1,0)). Since S' is regular and transversal to {zi — 0}, 
each half plane P G T{y,V") coincides with the half plane Ty'S' in {zi < 0}. 
Therefore, T{y,V") ~ {TyE'}. Now, following the argument in [4], we obtain a 
function g"{zi,Z2) G C^{{zi >Q,Z2> 0}) such that 

J:" n Br{y) ^ {{zi,Z2,9"{zi,Z2)) : zi >0,Z2 >0}, 

g"{0,Z2) = g'iO,Z2) and V5"(0,Z2) = V5'(0,Z2) for all Z2 > 0. 

Since S' and S" meets dM orthogonally, we have the free boundary condition 
Vg'(zi,0) = (0,0) for all zi < and Vg"(zi,0) = (0,0) for ah zi > 0. By the 
reflection principle, one obtain a continuous function G defined on the unit disk 
T) = {zs = 0}r\B such that G is smooth and satisfies the minimal surface equation 
on the punctured disk 2?\ 0. Hence by standard interior regularity for second order 
uniformly elliptic PDE, G is smooth across the origin. 

By the maximum principle Lemma 8.4, we have shown that for any s < p, E' 
can be extended to a surface Eg in An(2:, s, 2p) such that if si < S2 < p, then 
= Es2 in An(x, S2, 2/5). Thus, E = Uo<s<pEs is a stable minimal surface with 
free boundary on dM and S \ S C dB2p{x) U dM U {x}. Next, we show that 
V coincides with E in Bp{x) \ {x}. Recall that V = V in Bp{x). Fix any y S 
supp(||V^||) n Bp{x) \ {x} and set s = d{x,y). Since E meets dM orthogonally, 
H^(S n dM) = 0, so we can assume y Gint(M) and T{y, V) consists of a multiple 
of a plane tt transversal to dBs{x) (by Lemma 8.5), then we know that y G E as in 
[4]. Therefore, (2) in the definition of replacement implies that = E on Bp{x). 

It remains to show that a; is a removable singularity for E. By Proposition 8.6, 
every G G T{x, V) is a multiple of a half-plane orthogonal to T^dM . Following [3], 
for p sufficiently small, there exists natural numbers N{p) and mi{p) such that 

EnAn(a;,p/2,p)=ut^f^m,(p)E; 

where each E^ is a Lipschitz graph over a planar half-annulus, with the Lipschitz 
constants uniformly bounded independent of p. Hence, we get N minimal punctured 
half-disks E* with 

EnBp(x)\{a;} = U^im,E*. 

By AUard regularity for stationary varifolds with free bounday ([13]), we see that 
a; is a removable singularity for each E*. Finally, by the Hopf boundary lemma for 
uniformly elliptic second order PDE, N must be one. This completes the proof of 
Theorem 8.3. □ 

To finish the proof of Proposition 4.11, it remains to construct replacements for 
limits of outer almost minimizing min-max sequences. Let V be as in Proposition 
4.10 and fix an annulus AnG AMr(x){x)- Set 

3Sj(An) = {{ip,} e 3Sout(An) : ^^((^.(EJ) n M) < U''{^^ nM) + ^ys€ [0, 1]} 
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Lemma 8.7. For each j, suppose we have a minimizing sequence {Yi^''^}keN for 
the problem (Yi^,35j{An)) that converges weakly to a varifold . 

Then, Vj is a stable minimal surface in An with free boundary on dM . Moreover, 
any V* which is the limit of a subsequence of {V^} is a replacement for V (in the 
sense of Definition 8.1). 

Proof. The proof of the second assertion is exactly as that in Proposition 7.5 in [3]. 
So we only prove the first assertion here. Without loss of generality, we assume 
that j = 1, and we write V , E*^ and E in place of , Yj^'^ and E^ respectively. 
Clearly V' is stationary and stable in An, by its minimizing property. Thus, we 
only need to prove regularity. The proof follows exactly as in [4] except that we are 
using Theorem 3.5, Theorem 7.3 and the following result (see Lemma 7.6 in 
which can be proved by a rescaling argument as in 0]: 

Fact: Let x € An, and assume that {S*^} is minimizing for the problem (E, 3si(An)). 
Then, there exists e > such that for k sufficiently large, the following holds: 

(CI) For any {^J G 3Sout(Se(a;)) with T-C^iipiiT.^) n M) < 'H'^{Y.^ n M), there 
exists another isotopy {4>s\ G ^Sout(-Be(a;)) such that Lpi — (f>i and 

n^{(f>s{J:'') n m) < h^(e'^ n m) + I for au s e [o, i]. 

8 

Moreover, e can be chosen so that (CI) holds for any sequence {E''} which IS mini- 
mizing for the problem (E,3si(An)) and with E-' — E-' on Af \ B^{x). 

□ 

We end this section with a proof of Proposition 4.11. 

Proof of Proposition 4.11. We will apply Theorem 8.3. From Lemma 8.7 above. 
We know that in every annulus An G AJ^r{x) i^) there is a replacement V* for V. 
We need to show that V satisfies (a), (b) and (c) in Definition 8.2, with r = ri. 

□ 



9. Genus bound 

In this section, we observe that a result in De Lellis-Pellandini [7 which controls 
the topological type of the minimal surface constructed by min-max arguments 
continue to hold in the case of free boundary. (We will assume that all surfaces in a 
sweepout is orientable as in De Lellis-Pellandini [7j.) The proof is exactly the same 
as in De Lellis-Pellandini [7|. One only has to note that a compact smooth surface 
F has genus g if and only if the image of the map r : i?i(F;Z) iJi(F, i9F;Z) is 
Z^^ when F is orientable, or the image is x Z2 if F is non-orientable. The 

lifting lemma (Proposition 2.1 in De Lellis-Pellandini 7|) is still valid and hence 
the proof goes through. 

Theorem 9.1. Let E-' = E^^ n M be a sequence which is almost minimizing in 
sufficiently small annuli which intersects dM transversally for all j and V be the 
varifold limit of T,^ as j 00. Write V = X^i^i "-i^* where F* are connected 
components ofYi, counted without multiplicity and Ui are positive. Let O be the set 
of those F' which are orientable and J\f be those which are non-orientable. Then 

(9.1) + \T. - 1) < 00 = liminf hmi^nf 0(Ei). 
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where g{T) denotes the genus of a smooth compact surface T (possibly with bound- 
ary). 

On the other hand, we note that it is impossible to get a similar bound on the 
connectivity (i.e. number of free boundary components) of the minimal surface. 
Corollary 1.3 is then a direct consequence of Theorem 1.1 and Theorem 9.1 is the 
following. Noting that there is no closed minimal surface in M^. 

Corollary 9.2. Any smooth compact domain in contains a non-trivial properly 
embedded minimal surface S with non-empty boundary which is a free boundary 
solution and such that 

(i) either S is an orientable genus zero surface, i.e. a disk with holes; 

(ii) or S is a non-orientable genus one surface, i.e. a Mobius band with holes. 

This follows from the observation that any such domain can be swept out by 
surfaces with genus zero. In fact, we can generalize the result to arbitrary 3- 
manifold. Recall that for any orientable closed 3-manifold M, the Heegaard genus 
of M is the smallest integer g such that M = E1US2, where SinS2 is an orientable 
surface of genus g and each S^, i = 1, 2, is a handlebody of genus g. For manifolds 
with boundary, we make the following definition. 

Definition 9.3. Let M be a compact 3-manifold with boundary. We define the 

filling genus of M to be the smallest integer g such that there exists a smooth 
embedding of M into a closed orientable 3-manifold M with Heegaard genus g. 

Since any closed 3-manifold with Heegaard genus g has a non-trivial sweepout 
by surfaces with genus as most g. The min-max construction on the saturation of 
such a sweepout together with the genus bound (Theorem 9.1) above give Theorem 

1.2 as a corollary. 

Corollary 9.4 (Theorem 1.2). Any smooth compact orientable 3-manifold M with 
boundary dM with filling genus g contains a nonempty properly embedded smooth 
minimal surface E with free boundary and the genus of S is at most g if it is 
orientable; and at most 2g + 1 if it is not orientable. 

Appendix A. Proof of Lemma 3.1 

We now present a proof of Lemma 3.1. 

Proof. Since 1^ is a weakly convergent sequence, ||li||(M) is bounded. Hence 
ll^iLjvflK-^) is also bounded. After passing to a subsequence (we use the same 
index i for our convenience), V^lm converges weakly to some W G V(M). Since 
V(M) is closed in V(M), we have W G V(M). We will show that W = Vlm- This 
clearly proves our lemma, since any subsequence of V^lm has another subsequence 
converging weakly to V\-m- 

First, we claim that W < V\-m, i-c W{f) < V"lm(/) for any nonnegative 
continuous function / on G{M). Since G{M) is a closed subset of G{M), there 
exists a decreasing sequence of continuous functions <pk on G{M) with < ^fe < 1, 
(/>fc = 1 on G{M) and (p^. converges pointwise to the characteristic function Xg{m) 
of G{M). As Vi converges weakly to V in M, we have for each k, 

(A.l) lim / MdVi = [ MdV. 

^^°°Jg(m) Jg{m) 
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Since 0fe and / are nonnegative, for each i and k, 

(A.2) / <PkfdVi^M< [ MdVi 

Jg{m) Jg{m) 

Holding k fixed and taking i ^ oo in (A.2), by (A.l), we have 

JG(M) JG(M) 

Since W is supported in M and (pk — ^ on M for each k, wc get 

W{f) = I fdW= [ MdW < [ cPkfdV. 
Jg{m) Jg(m) Jg{m) 

Now, since 4>kf converges pointwise to XG(M)f monotonically, by the monotone 
convergence theorem, 

lim / MdV= f XMfdV= f fdV = V^M{f). 

fe^ooJG(M) Jg{M) Jg(M) 

This proves our claim that W < V^m- 

Now, we want to show that W = V\-m- Since we already have the inequality 
W < Flm- It suffices to show that ||VF||(M) = \\V^m\\{M). It follows from the 
assumption that ||Vi||(M) converges to ||y||(M) as i ^ oo, 

IIW^II(M) = lim \\Vi^M\\{M) = lim \\Vi\\{M) = \\V\\{M) = \\V^m\\{M). 
Therefore, the proof of Lemma 3.1 is completed. □ 

Appendix B. The perturbation lemma 

We end this section by proving a technical perturbation lemma (Lemma 4.9). 
First, we prove a lemma which says that if we use a "small" isotopy to deform a 
surface, its area would not increase by too much. 

Lemma B.l. Let V € V{M) be a varifold in M . Suppose we have a smooth vector 
field X S Xout, and let {'Ps}se[o,i] outward isotopy in 3Sout generated by X. 

Then, 

|l(^i)„F||(M)<||\/||(M) eMo^ 

Here, ||^||ci denotes the C^-norm of the vector field X as a smooth map X : M — >■ 
TM. 



< \\V\\{M)\\X\\c^. 



Proof. By the first variation formula of area in M, 
|^^(^)| < / div^X {x) dV{x,n) 

JG(M) 

Hence, if we let f{s) = \\{ips)iiV\\{M), then the inequality above is equivalent to 

\f'{s)\<f{s)\\X\\c^. 
Integrating s from to 1, we get /(I) < /(O) ell'^Hd. In other words, 

\\{ip,)^V\\{M)<\\V\m) ell^llo^ 
Now, using this and the assumption that X is an outward vector field, 

||(^i)„y||(M) < ||(^i)«(^lm)||(M) < \\V^m\\{M) ell^llo^ = ||y||(M) eH^H^^S 
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where the first inequality holds because || ((y3i)u"l^||(A/) ~ ||(</Ji)u(yLAf)|l(M). This 
proves Lemma B.l. □ 

We are now ready to prove the perturbation lemma. 

Lemma B.2. Given any sweepout {St}fg[Q j^j e A, and any e > 0, there exists a 
continuous sweepout {Ej}tg[o x] G A such that 

Proof. By 2.6.2(d) of Allard [1 and Lemma 3.1 in this paper, it suffices to construct 
{S'J such that 

(B.l) n^{Y.'tndM) = 

for all t G [0, 1]. This would imply that {SJ} is a continuous sweepout. One might 
hope to perturb St using an outward isotopy so that it is transversal to dM for all 
t. However, it is impossible, in general, to find a smooth family of outward isotopies 
such that all the perturbed surfaces are transversal to dM. On the other hand, we 
could find one so that all but finitely many is transversal to the boundary dM 
after perturbation, and for those finitely many exceptions, there are only finitely 
many points at which the perturbed Et meets the boundary dM non-transversally. 
This would certainly imply (B.l). 

For > sufficiently small (to be chosen later), the signed distance function 
d — d{-,dM) is a smooth function on the open tubular neighborhood Ug{dM) = 
{x G M : \d{x,dM)\ < 9} of dM. (We take d to be nonnegative for points in 
M.) Let 1/ be the inward pointing unit normal to dM with respect to M (This is 
globally defined on dM even when M is not orientable). For 6 > small enough, 
we have a diffeomorphism 

g{x,s) = exp^(si^(a;)) : dM x {-6,6) ^ Ue{dM). 

We will need the following parametric Morse theorem: li ft : — > M is a 
1-parameter family of smooth functions on a compact (possibly with boundary) 
manifold A^ with t G [0,1], and /o, /i are Morse functions, then there exists a 
smooth 1-parameter family Ft : N M. such that Fq = /o, Fi — /i, and F is 
uniformly close to / in the C'^-topology on functions A^ x [0, 1] — >■ K. Furthermore, 
Ft is Morse at all but finitely many t, at a non-Morse time, the function has only 
one degenerate critical point, corresponding to the birth/death transition. 

The relationship between Morse functions and transversality can be seen as fol- 
lows. Let E be a closed surface in M. Consider the function d restricted on 
E n Ue{dM), if d : E n Ue{dM) ^ M is a Morse function, then E intersects the level 
sets {x G M : d = c} transversally except possibly at the critical points of d, which 
is only a finite set. In particular, we have 'H^(E n dAI) =0. li d is not a Morse 
function, we approximate it by a Morse function d^ in norm in E n Ug{dM). 
Without loss of generality, we can also assume that dtp < d everywhere. Let </) < 
be a smooth extension of the function — d to U0{dM) (by Whitney's extension 
theorem), in such a way that ||(/!'||c'= is very small. Then, if we consider the outward 
vector field 

X{x) = x{x)<j){x)Vd{x) 

where < x ^ 1 is a smooth cutoff function on M such that x = 1 on Ug/2{dM), 
X = outside Ug{dM) and |Vx| < 4/0. Let {Vs}se[o,i] be the outward isotopy 
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generated by X. Then it is clear that n dM) = according to the 

discussion above. 

The perturbation can be carried out for each Ej in the sweepout. Hence, we 
want to choose 0( < on UeldM) which are small in norm such that, after 
perturbation, intersects the boundary dM at a set of TH?- measure zero. The 
only complication is that we have to choose (j)t which depends smoothly on t. This 
is where we need the parametric Morse theorem. 

By Lemma B.l, for every C > and e > 0, there exists 5 = 5{C, e) > sufficiently 
small (for example, take 5 < ln(l + e/2C)) such that whenever < 5, 

(B.2) ||(^i),y||(M)<||F||(M) + | 

for all V e V(M) with ||y||(M) < C. 

Fix a sweepout {Et}jg[o^i] G A and e > as in the hypothesis, since {E(} is 
a continuous family of varifolds in M, there exists a constant C > such that 
W^illt n M) < U^{llt) < C for all t e [0, 1]. For this e and C, choose 5 > Q so 
that (B.2) holds. Moreover, assume 6* > is always sufficiently small so that is a 
smooth function on U^idM) and 5 is a diffeomorphism. 

Now, we would like to apply the parametric Morse theorem to the family of 
smooth functions dt : Ej H Ue{dM) — > M. However, there is a little technical 
difficulty because Ej r\U${dM) are not all diffeomorphic to each other. Recall that 
in the definition of a sweepout, we have two finite sets, T c [0, 1] and P C M, at 
which singularities occur. First of all, we argue that we can assume POU g (dM) = 0. 

Suppose P n dM ^ 0. Since P is just a finite set, there exists < p < 9/2 such 
that dMp n P = 0. Define an outward vector field X e C~t(M, TM) by 

X{x) = -px{x)Wd{x), 

where Q < x < 1 is & smooth cutoff function on M such that x = 1 on Up{dM), 
X = outside Ug{dM) and |Vx| < 4/0. Let if > be a constant (independent of 
9) so that |V^(i| < K on Ue{dM). Hence, for p > sufficiently small (depending 
on 9 and K), we can make H-'f ||ci < ^- Let {^s}se[o,i] be the isotopy generated by 
X, then by (B.2), 

n^^ii^t) n M) < n^{^t n M) + |. 

Moreover, ipi{dMp) = dM. Therefore, replacing {E^} by {1^1 (E^)} if necessary, we 
can assume that P D dM = 0. 

As P is a finite set, we can further assume that 6 is small enough so that P fl 
Ug{dM) = 0. By the definition of a sweepout, there exists a partition = to < < 
• • • < ifc = 1 of the interval [0, 1] such that on each subinterval [tj-i, i = 1, . . . , fc, 
there exists an open neighborhood Ui of dM contained in Ue{dM) such that EtflUj 
are all diffeomorphic for t G [ti^i,ti]. 

Now, for any 6' > (to be specified later), since Morse functions are dense 
in C'^-topology, for each i = 0, 1, . . . , A;, we can approximate the smooth function 
dti : Et^ n t/i K by a Morse function dt^ : Et, n f/^ K, with df, < di, 
and ||df. — dtiUci < ^' ■ Let (pa < be a smooth extension of dj. — d*. to Ui 
such that ll^tillci < S' for all i. Using the parametric Morse Theorem, we can 
construct a smooth family of smooth functions (pt < on Ui, t E [ti^i,ti] such that 
dt + 0t is a Morse function on Ej fl except for finitely many t's there is only 
one degenerate critical point. We can also assume that is uniformly small in 
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C^-norni on Ug{dM). Putting these intervals together, we have a pieeewisc smooth 
1-parameter family of smooth functions 0t, defined on U for some neighborhood 
U of dM, such that dt + (pt are Morse except at finitely many times. Since Morse 
functions form an open set in the space of all smooth functions in the C°°-topology, 
and the family is Morse at each ti, we can smooth out the family, keeping it Morse 
except at finitely many times away from ti's. Assume 6 is chosen small enough 
such that Ug{dM) C U. In summary, we have a smooth 1-parameter family of 
smooth non-positive functions {<j>t} on U such that ||(/)t||ci < ^' ■ For each t G [0, 1], 
let {'Pt{s)}se[o,i] outward isotopy generated by the outward vector field 

Xt G C^^{M,TM) defined as 

Xt{x) = ^,{x)x{x)Vd{x), 

where < x ^ 1 is a smooth cutoff function on M so that x = 1 on Ug/2{dM), 
X = outside Ue{dM) and |Vx| < 2/9. Let Wt{s)}se[o,i] be the isotopy in ^5°"* 
generated by Xt. Take T,'^ = ipt{l){'Et), then {SQ e A. We claim that {S'J is the 
competitor we want. 

First of all, by choosing S' > sufficiently small, we can make < S for 

all t e [0, 1]. Hence, we have from (B.2) that 

7^2(5]; n M) < n'^ii^t n M) + |. 

Moreover, since d : S'^ n Ue{dM) -J> M agrees with dt + (t^t for aU t G [0, 1], by 
our construction, we have Ej fl dM consists of at most finitely many points for all 
t G [0, 1]. Therefore, we have 

^2(s;naM) = 0. 

This completes the proof of Lemma B.2. □ 
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